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Abstract: The notion of partitions of unity is extremely useful as it allows one to extend local constructions on Euclidean patchesto
global ones. It is widely used in many fields in mathematics. Therefore, prolongation of this useful tool to another manifold may help
constructing many geometric structures. In this paper, we construct a partition of unity on a fiber bundle by using a givenpartition of
unity on the base manifold. On the other hand we show that the converse is also possible if it is a vector bundle. As an application, we
define a Riemannian metric on the fiber bundle by using inducedpartition of unity on the fiber bundle.
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1 Introduction

A partition of unity is a useful tool that helps us work in local coordinates. This can be a tricky matter when we are doing

things all over our manifold, since it is almost never the case that the entire manifold fits into a single coordinate patch. A

(smooth) partition of unity is a way of breaking the functionwith the constant value 1 up into a bunch of (smooth) pieces

that will be easier to work with.

Partitions of unity is widely used in many fields of mathematics, most notably in many branches of Geometry and

Analysis, such as defining integration on manifolds and Riemannian metric on an arbitrary manifold (see [2], Prop.

5.1.8). Other geometric applications include section extension property (SEP) on topological bundles, and fiber

homotopy equivalence for fibrations [1]. (See [3], [6],[7] for further applications.)

More specifically, a partition of unity subordinate to an open cover {Uα} is a collection of non-negative smooth

functionsψα : M →R such that

1. For allα, Supp{ψα} ⊂Uα for someα (hereSupp{ψα} is the closure of the subset whereψα(x) 6= 0).

2. 0≤ ψα(x)≤ 1 onM.

3. Set of supports{Supp{ψα}}α∈I is a locally finite set. That is∀x∈ M, there is an open neighborhoodVx of x such that

there exist only finitely manyψα with Supp{ψα}∩Vx 6= /0.

4. ∑α ψα(x) = 1 (this sum is finite because of3).

For any manifoldM with atlasΩ = {(Uα ,φα )}, there exists a Riemannian metricgp onTpM such that

gp(Xp,Yp) = ∑
α∈I

ψα(p)< Xp,Yp >
α
, (1)
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where p ∈ M, and{ψα} is a partition of unity subordinate toΩ . Here for eachα, we label<,>α as the usual dot

product with respect to the coordinate basis overUα .

In this paper, we suppose that all manifolds are real, and that manifolds are smooth and finite-dimensional. We shall

require the topology on each manifold to be Hausdorff, second-countable, and connected. It follows from these

assumptions that our manifolds admit partitions of unity.

Organization: In section 2, we define a partition of unity onE by using an arbitrary partition of unity onM, which we

call induced partition of unity. We also show that one can construct a partition of unity onM by using a partition of unity

on a vector bundleE. In section 3, we use the induced partition of unity to define aRiemannian metric onE. We call this

metric as the induced metric onE.

2 Induced partition of unity

In this section, we give some theorems/definitions to define an induced partition of unity on a fiber bundle(E,π ,M,F).

Lemma 1. Suppose that f: M → R be a function,π : E → M be a surjective map, and∆ = {x ∈ M : f (x) 6= 0}, and

∆ ′ = {h∈ E : ( f ◦π)(h) 6= 0}. Thenπ(∆ ′) = ∆ .

Proof.Assume thatx∈ π(∆ ′), then

x= π(h), ( f ◦π)(h) 6= 0,

which implies that

x∈ M, f (x) 6= 0.

Thenx∈ ∆ , which shows thatπ(∆ ′)⊂ ∆ .

Assume thatx∈ ∆ . Then we have

x∈ M, f (x) 6= 0.

Sinceπ is a surjective map, then there existsh∈ E such thatx= π(h). Thereforeh∈ π−1(x) and f (x) 6= 0.

h∈ π−1(x), f (π(h)) 6= 0

h∈ E, ( f ◦π)(h) 6= 0

h∈ ∆ ′
, π(h) = x

x∈ π(∆ ′),

which shows that∆ ⊂ π(∆ ′).

Remark 1. If additionally, the functionπ in Lemma1 is continuous, then there exists a following relation between

supports of functionsf and f ◦π
supp{ f}= π(supp{ f ◦π}).

Theorem 1.LetE be a fibered manifold with base space M. If{ψα} is a smooth partition of unity of M subordinate to its

atlas{(Uα ,φα)}, then{ψα ◦π} is a smooth partition of unity ofE subordinate to the open cover{(π−1(Uα)}. Moreover,

if E is a fiber bundle, then{ψα ◦π} is a smooth partition of unity subordinate to the atlas{(π−1(Uα),(φα ×η)◦ΦE)} of

E.
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Proof. We begin our proof by showing that each support is a subset ofπ−1(Uα). Since{ψα} is a partition of unity

subordinate to{Uα}, then for eachα, supp{ψα} ⊂Uα . Moreover, sinceπ is a surjective continuous function, then from

Remark 1, we have

supp{ψα}= π(supp{ψα ◦π}),

which is a subset ofUα , that isπ(supp{ψ ◦π})⊂Uα . This impliessupp{ψα ◦π} ⊂ π−1(Uα).

The second condition is obvious, sinceIm(ψα ◦π)⊂ Im(ψα), then we have

0≤ (ψα ◦π)(h)≤ 1.

The equations comes from the surjectiveness of the functionπ .

To show the third condition to hold, we show that there existsfinite number of indexα such that∀h ∈ E,

(ψα ◦π)(h) 6= 0.

Let

I ′x = {α ∈ I : Supp{ψα}∩Vx 6= /0}

and

I ′′h = {α ∈ I : Supp{ψα ◦π}∩Wh 6= /0}

where for allx∈ M, Vx represents an open neigbourhood ofx, andWh = π−1(Vx) with π(h) = x. Sinceπ is a continuous

function, thenWh is an open neighborhood ofh. Since{ψα} is a partition of unity, thenI ′x is a finite set.

Suppose thatα ∈ I ′′h , then

∃h̃∈ Supp{ψα ◦π}∩Wh

π(h̃) ∈ π(Supp{ψα ◦π}) and π(h̃) ∈ π(Wh)⊂Vx.

By Remark 1, we have

π(h̃) ∈ Supp{ψα} and π(h̃) ∈Vx

Supp{ψα}∩Vx 6= /0

α ∈ I ′x,

which implies thatI ′′h ⊂ I ′x for all h∈ E, andπ(h) = x∈ M. SinceI ′x is a finite, thenI ′′h is also finite. Thus set of supports

of {ψα ◦π} is locally finite set.

To show the last condition, we should show that the sum of all elements in the image ofψα ◦ π is 1. Sinceπ is a

surjective map, there existsx∈ M such thatπ(h) = x for all h∈ E. Then∀h∈ E

∑
α∈I

(ψα ◦π)(h) = ∑
α∈I

ψα(x) = 1

which implies that{ψα ◦π} is a partition of unity subordinate to the open coverπ−1(Uα). Since{ψα} is smooth, then

{ψα ◦π} is also smooth. IfE is a fiber bundle, then for every atlas{(Uα ,φα)}, there exists an adapted coordinate system
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([8], Prop 1.1.14)

yα : π−1(Uα)→Uα ×Vα

defined by

yα = (φα ×ηα)◦ΦE, (2)

whereVα =(pr2◦ΦE)(π−1(Uα)). Therefore{ψα ◦π} is a partition of unity subordinate to adapted atlas{(π−1(Uα),yα)}.

By above theorem define a partition of unity onE which is induced by any partition of unity subordinate toΩ . We recall

that the induced partition of unity is the set of pull-back functionsπ∗ψα . The natural question is in which conditions the

converse statement holds. Next theorem takes care of this issue.

Theorem 2. If (E,π ,M,F) is a vector bundle, then every partition of unity{ψ̃α} on E induce a pull-back partition of

unity s∗ψ̃α on M, where s∈ Γ (π).

Proof.Suppose that{ψ̃α} be a partition of unity subordinate toπ−1(Uα). SinceE is a vector bundle, there exists a (global)

sections∈ Γ (π). To show the condition1, suppose thatI be an index set, and letA = {h ∈ E : ψ̃α(h) 6= 0} (therefore

Ā= Supp{ψ̃α}), andA′ = {x∈ M : (ψ̃α ◦ s)(x) 6= 0}. Then

π(A) = {π(h) : ψ̃α(h) 6= 0}

If x∈ A′ then

(ψ̃α ◦ s)(x) 6= 0

ψ̃α(h) 6= 0, s(x) = h

ψ̃α(h) 6= 0, x= π(h)

x∈ π(A)

which leads toA′ ⊂ π(A). On the other hand, sinceπ is a continuous function, then̄A′ ⊂ π(Ā). Since{ψ̃α} is a partition

of unity subordinate toπ−1(Uα), thenĀ= Supp{ψ̃α} ⊂ π−1(Uα). Therefore

Supp{s∗(ψ̃α)} = Ā′ ⊂ π(Ā)⊂Uα .

For the third condition, suppose that

Ix = {α ∈ I : ∃Vx ∈ N(x),Supp{s∗ψ̃α}∩Vx 6= /0},

here,N(x) represents the neighborhoods ofx. To show{s∗ψ̃α} is locally finite, we need to show thatIx is finite for all

x∈ M.

Suppose thatA′
α = {y ∈ M : s∗(ψ̃α)(y) 6= 0}, then Supp{s∗ψ̃α} = Ā′

α . Therefore,∀α ∈ Ix, there exists an open

neighborhoodVx of x such that

∃z∈Vx∩A′
α

s(z) ∈ s(Vx), and s(z) ∈ s(A′
α)

s(z) ∈ π−1(Vx), s(z) ∈ s(A′
α )

π−1(Vx)∩s(A′
α) 6= /0.
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Since π is a continuous function, andVx is open, then π−1(Vx) is an open. On the other hand since

s(x) ∈ s(Vx)⊂ π−1(Vx), thenπ−1(Vx) is an open neighborhood ofs(x).

So far, we have shown that there exists an open neighborhoodπ−1(Vx) of s(x) such that

π−1(Vx)∩s(A′
α) 6= /0. (3)

On the other hand, suppose thatz′ ∈ s(A′
α). Then there exists az∈ A′

α such thatz′ = s(z). Thenψα(z′) = (ψα ◦s)(z) 6= 0,

which implies thatz′ ∈ Aα . Sinces is a continuous function, thens(A′
α)⊂ Aα . From Equation3, we have

π−1(Vx)∩ Āα 6= /0,

which shows thatα ∈ Ĩs(x). ThereforeIx⊂ Ĩs(x). Sinceψ̃α is a partition of unity, then for allh∈E, Ĩh is finite. Sinces(x)∈E,

thenĨs(x) is finite, which implies thatIx is finite. So, set of supportsSupp{ψ̃α ◦s} is locally finite. Thus, condition 3 holds.

Conditions 2 and 4 can be shown easily. Then,{ψ̃α ◦ s} is a partition of unity subordinate to{Uα}.

Corollary 1. If (E,π ,M,F) is a fiber bundle, and if{ψα} is a partition of unity subordinate to an atlas on M, then for

all x ∈ M, there exists a partition of unity{ψ̄α} subordinate to an atlasΘ = {(Vα ,ηα )} on F with the property that

ψ̄α(v) = ψα(x), where v∈ γx(π−1{x}) and Vα = (pr2 ◦ΦE)(π−1(Uα)).

Proof. If (E,π ,M,F) is a fiber bundle, then for allx ∈ M, there exists a diffeomorphismγx : π−1{x} → F (which leads

(γx)
−1 being a diffeomorphism) and if{ψα} is a partition of unity subordinate to an atlas{(Uα ,φα )}, then by Theorem

1, {ψα ◦ π} is a partition of unity subordinate to an adapted atlas{π−1(Uα),yα)}, whereyα is defined by Equation2.

Suppose that̄ψα = ψα ◦π ◦ γ−1
x for all x ∈ M. Since(γx)

−1 is a diffeomorphism (therefore it is surjective and smooth),

thenψ̄α is also a partition of unity subordinate to the atlas{(Vα ,ηα)}. Also, for allv∈ F ,

ψ̄α(v) = (ψα ◦π ◦ γ−1
x )(v)

= (ψα ◦π)(Φ−1
E

(x,v))

= (ψα ◦ pr1)(x,v)

= ψα(x),

wherev∈ γx(π−1{x}), which finishes the proof.

Definition 1. We call{ψα ◦π} and{ψ̄α} as induced partitions of unity onE and F respectively.

3 Riemannian Metrics

We now define the induced Riemannian metrics onE andF , by the above partition of unities onE andF respectively,

which are defined in Section2.

Theorem 3. Suppose that(E,π ,M,F) be a fiber bundle. By Equation1, the induced Riemannian metric gE on E (by

partition of unity subordinate to adapted atlas) is defined as follows:

gE(V̄,W̄) = gM(π∗(V̄),π∗(W̄)+gF(γ∗(V̄),γ∗(W̄)) (4)

Here, gF is the metric, constructed by the induced partition unity{ψ̄α}.
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Proof.

yα = (φα ×ηα)◦ΦE = (φα ◦π ,ηα ◦ pr2◦ΦE). (5)

To define the induced metricgE onE, we first compute<,>α
h for all h∈ E. For allV̄h,W̄h ∈ ThE,

< V̄h,W̄h >
α
h=< (yα)∗(V̄),(yα )∗(W̄)>

By using Equation5 we have

< V̄h,W̄h >
α
h

=< ((φα ◦π)∗(V̄h),(ηα ◦ pr2◦ΦE)∗(V̄h)),((φα ◦π)∗(W̄h),(ηα ◦ pr2◦ΦE)∗(W̄h))>

=< (φα )∗(π∗(V̄h)),(φα )∗(π∗(W̄h))>+< (ηα ◦ pr2◦ΦE)∗(V̄h),(ηα ◦ pr2◦ΦE)∗(W̄h)>

=< π∗(V̄h)),π∗(W̄h))>
α
x +< (pr2 ◦ΦE)∗(V̄h), pr2 ◦ΦE)∗(V̄h)>

α
v

whereΦE(h) = (x,v). At this point we need to note that for allx ∈ M, there exists a diffeomorphismγx : π−1{x} → F

with γx = pr2 ◦ΦE, therefore we can rewrite the last equation as follows:

< V̄h,W̄h >
α
h=< π∗(V̄h)),π∗(W̄h))>

α
x +< (γx)∗(V̄h),(γx)∗(V̄h)>

α
v (6)

whereΦE(h) = (x,v).

Now we define the induced metricgE onE by using Equation6. For allh∈ E,

gE(V̄h,W̄h)

= ∑
α∈I

(ψα ◦π)(h)< V̄h,W̄h >
α
h

= ∑
α∈I

ψα(x)(< π∗(V̄h)),π∗(W̄h))>
α
x +< (γx)∗(V̄h),(γx)∗(V̄h)>

α
v )

= ∑
α∈I

ψα(x)< π∗(V̄h),π∗(W̄h)>
α
x + ∑

α∈I

ψα(x)< (γx)∗(V̄h),(γx)∗(W̄h)>
α
v

= gM(π∗(V̄h),π∗(W̄h))+ ∑
α∈I

ψ̄α(v)< (γx)∗(V̄h),(γx)∗(V̄h)>
α
v

= gM(π∗(V̄h),π∗(W̄h))+gF((γx)∗(V̄h),(γx)∗(W̄h)),

which ends the proof.

Definition 2. We call gE in Equation4 as induced Riemannian metric onE.
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