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Abstract: Saadati and Parklp] introduced intuitionistic fuzzy normed spaces. In liglittbese developments, intuitionistic fuzzy
analogues of many concepts in classical analysis wereesturli many authers. In this article we introduce the intnistic fuzzy
Zweierl-convergent double sequence spagﬁ”gw) andg,%'ww and study the fuzzy topology on the said spaces.
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1 Introduction

After the pioneering work of Zadel2f], a huge number of research papers have been appeared grilfapzy and its
applications as well as fuzzy analogues of the classicalriae Fuzzy set theory is a powerful hand set for modelling
uncertainty and vagueness in various problems arising Id 6& science and engineering. It has a wide range of
applications in various fields: population dynami&, [chaos control ], computer programming6], nonlinear
dynamical system7], etc. Fuzzy topology is one of the most important and uskfols and it proves to be very useful
for dealing with such situations where the use of classitabties breaks down. The concept of intuitionistic fuzzy
normed space and of intuitionistic fuzzy 2-normed spaé&dre the latest developments in fuzzy topology.

The notion of statistical convergence is a very useful fiometl tool for studying the convergence problems of nunaric
problems/matrices(double sequences) through the cormfetensity. The notion of I-convergence, which is a
generalization of statistical convergendg was introduced by Kostyrko, Salat and Wilczynski] by using the idea of

| of subsets of the set of natural numbrand further studied inlf6]. Recently, the notion of statistical convergence of
double sequences= (xij) has been defined and studied by Mursaleen and Edéd]y4nd for fuzzy numbers by Savas
and MursaleenZ(]. Quite recently, Das et all1p] studied the notion of andl*- convergence of double sequence®in

We recall some notations and basic definitions used in thpempa

Definition 1. Let | 2 be a non-trivial ideal inN. Then a sequence=x (x) is said to be I-convergent to a number L if,
for everye > 0, the se{ke N:| xc—L|> €} €.

Definition 2. Let | 2 be a non-trivial ideal irlN. Then a sequence=x(x) is said to be I-Cauchy if, for eagh> 0,there
exists a number N= N(¢) such that the sefk € N:| xc—xn |> €} €11.

Definition 3. The five-tupléX, u, v, x,¢) is said to be an intuitionistic fuzzy normed space(for sH&lS) if X is a vector
space; is a continuous t-norny; is a continuous t-conorm ang, v are fuzzy sets on X (0, ) satisfying the following
conditions for every y € X and st > 0:
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(@ pxt)+v(xt)<1

(b) u(xt)>0,

(c) p(xt)= 1fandonly|fx 0,

(d) u(axt)=p(x T ‘)foreacha7é0
(€) H(Xt)*p(y,s) < H(X+Yt+s)

() p(x.):(0,0) — [0,1] is continuous
(9) tlml“(x )71andllmu(x t)=0,
(h) v(x,t) <1,

(i) v(x,t)=0ifand only if x=0,

(4) v(axt)=v(x ‘a‘)for eacha # 0,
(k) v(xt)ov(y,s) = v(x+yt+s),

() v(x,.):(0,0) — [0,1] is continuous,

(m) limv(x,t) =0andlimv(xt) =1.
t—0
In this caseg(y, v) is called an intuitionistic fuzzy norm.

Definition 4. Let (X, i, v,*,¢) be an IFNS. Then a sequence=XX) is said to be convergent to4 X with respect to
the intuitionistic fuzzy norniu, v) if, for everye > 0 and t > 0, there exists ke N such thatu(x —L,t) > 1—¢ and
v(xx—L,t) < € forall k > ko. In this case we writ¢u,v) — limx= L.

Definition 5. Let (X, u, v, x,¢) be an IFNS. Then a sequence-Xx) is said to be a Cauchy sequence with respect to
the intuitionistic fuzzy norngu,v) if, for everye > 0 and t > 0, there exists k€ N such thatu(x — x,t) < € and
v(x—X,t) < g forall k| > ko.

Definition 6. Let K be the subset of natural numb&fsThen the asymptotic density of K, denotedbl), is defined as
oK)= IiLn %|{k <n:ke K}|, where the vertical bars denote the cardinality of the eretbset.

A number sequence = (xi) is said to be statistically convergent to a numbef, for eache > 0, the setk(¢) =
{k<n:|x—¢|> €} has asymptotic density zero, i.e.

li = k<n: 14 =

im ~[{k < n:x—£]> e} =

In this case we writst — limx = /.

Definition 7. A number sequence=x (x¢) is said to be statistically Cauchy sequence if, for ewery 0, there exists a
number N= N(¢) such that

1
— <n: P — > =
LT ELEPESES

The concepts of statistical convergence and statisticaioBg for double sequences in intuitionistic fuzzy normedep
have been studied by Mursaleen and Mohiuddine[14].

Definition 8. Let | ¢ 2 be a non trivial ideal andX, u, v, *,¢) be an IFNS. A sequence=x(xi) of elements of X is said
to be I-convergent to k& X with respect to the intuitionistic fuzzy nofm, v) if for everye > 0andt> 0, the set
{keN:u(x—Lt)>1—corv(x—Lt)<e}el.

In this case L is called the I-limit of the sequer(g) with respect to the intuitionistic fuzzy norfp,v) and we write
I(IJyV) — |Ika =L.
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2 I,-Convergence in an IFNS
Definition 9. Let (X, i, v,*,¢) be an IFNS. Then, a double sequence %x;j) is said to be statistically convergent to
L € X with respect to the intuitionistic fuzzy nokm, v) if, for everye > 0and t> 0,
o({(i,]) e NxN:pu(xj—Lt)<l-—gorv(xj—Lt)>¢})=0.
or equivalently

R .
m—|{i<m : — <1-— — > =
I:m n|{| <m,j<n,:p(xj—Lt)<l—gorv(xj—Lt)>e}|=0.

In this case we write é; v limx=L.

Definition 10. Let (X, 1, v, *,¢) be an IFNS. Then, a double sequence kx;j) is said to be statistically Cauchy with
respect to the intuitionistic fuzzy norfp, v) if, for everye > 0 and t > 0, there exist N= N(¢) and M= M(¢) such that
foralli,p>Nand jg> M,

0({(i,]) e Nx N: u(Xj —Xpg,t) <1—go0rv(xj—Xpgt) >€})=0.

Definition 11. Let I, be a non trivial ideal olN x N and (X, i, v, x,¢) be an intuitionistic fuzzy normed space. A double

) 2

sequence x (x;j) of elements of X is said to bgdonvergent to Lc X with respect to the intuitionistic fuzzy noiim, v)
if, for eache > 0andt> O,

{(i,j)) eNxN:u(xj —Lt)<l—gorv(x—Lt)>¢e}el.

In this case we writelf"”) — limx = L.

The approach of constructing new sequence spaces by metresrotrix domain of a particular limitation method have
been recently employed by Altay, Basar, Mursalegn§lalkowsky [13] Ng and Lee 7], and Wang 22]. Sengnlil [2]]
defined the sequenge= (y;) which is frequently used as tl# transformation of the sequenke-= (x;) i.e,

Vi =pX+(1-p)xi-1
wherex_; =0,p# 1,1 < p < 0 andZP denotes the matrixP = (z) defined by

p, if (i=k),
akz{lp, (i—-1=Kk);(i,keN)
0, otherwise

)

Analogous to Basar and Altay], Sengnlil [21] introduced the Zweier sequence spagésand 2 as follows

Z ={x=(x) € w: ZPxec};
Zo={x= (%) € w: ZPxe co}.

Recently Khan, Ebadullah and Yasmeeghiifitroduced the following classes of sequences
2" = {(%) € w: 3L e C such that for a givea > 0, {k e N ;| xﬁ—L |> e} el};

28 ={(x) € w: foragivene>0;{k€N:|xﬁ|z e} el},

Where(xﬁ) = (ZPx). V. A. Khan and Nazneen [9] introduced the following sequenc

27 ={x=(Xij) € 2w:2ZPx € 5¢};
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220 ={X=(Xij) € 20 2ZPX € 2Co}.
22" = {(%j) € 20: 3L € C such that for a gives > 0, {(i, | eNxN|x —L|>e}telr};
223 = {(%j) € 20: for a givene > 0;{(i, )eNxN|x |> e} € la},

Where(x//) (2ZPx) and,w represents space of all double sequences.

Throughout the article, for the sake of convenience now wiedenote by,ZP(xij) = x//, 2ZP(yij) = y//, 2ZP(zj) = 2/,
forx,y,z€ »w.

2By () ={yij € X:{(i,]) e NXN:pu(xij —yij,t) <1 —rorv(xj—yj,t) =rpel}.
In this article we introduce the intuitionistic Zweier l4oeergent double sequence spaces as follows
Zzlu,v)—{(xu)eﬂ*’ {(i,]) e Nx N p(x; x// —Lt) <1-eorv(x; x// —Lt)>e}tely};

23’1)'(“7)—{()(”)620) {(i,j) e Nx N: p(x ,/J/,t)gl—eorv(xi/j/,t)ze}elz}.

3 Main Result
Theorem 1.The space@ff‘ andzf' ) are linear spaces.

Proof. We prove the result fogﬁ:”(L V) Similarly the result can be proved f@d@’b' . Let (x1J ) (yIJ ) € 25'(;1,\;) and let
a, B be scalars. Then for a given> 0, we have

Alz{(i,j)eNxN:u(// Liggy) <1~ sorv(x” Li.gay) 2 €} €12,

)eNxN: (yi/j/le,ﬁ) < 1f£0rv(yi/j/fL1,ﬁ) >e} el

Thus

{ )ENXN: (// Ll,z\a\)>1 sorv(x1J Ll,ﬁ)@s}elz,

)eNxN: (yi/j/le,ﬁ) > 1—£0rv(yi/j/—L1,ﬁ) <e}el,

Define the sefs = A1 U Ay, so thatAs € I,. It follows thatA§ is a non-empty set i¥ (1).

We shall show that for eac(lxl// y

|
i) €2 )

A5 {(i,) e NxN:p((ax] +Byl/) — (aLa+BLa)t) > 16

or
((UX//-‘,-ByIJ ) (aLl“l‘BLZ),t) <8}.

Let (m,n) € A,. In this case

//

IJ(an L1, bin— !

) >1—¢eorv(xmn Ll,m)

! <&
2[a]
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and

1 (Yin— Lz,

)>1—80I‘V(yé1/n—L2, ) <e.

t t
2|B| 2|B|

From here, we have
t t
((axmn BYm/n) —(aLi+BLz),t ) H ((Jan aly, 5) * U (By&/n* BLo, E)

t t
:y(xﬂnle,ﬂa|)*u(y/m/nfL2,2| |) >(1-g)x(l—g)=(1-¢).

and
t t
V((a%hin-+ Byin) — (aL1+ BL2),t) < v(axin— aLy, ) v (Bykin— BL, 5)

// /] _ t _
=V (Xhin— L1,2| |)<>V(ymn L2,2|B|)>£<>efe.

This implies that
A§C {(i,j) €NxN: u((ax/j/ntﬁyi/j/)— (aLi+BLy),t) >1—¢

or

v((ax(/ +Byy) — (aLi+BLa).t) < €}
Hencez,ff' |saI|nearspace

Theorem 2.Every open balpB, /, (r,t) is an open set i@ﬁ”('uiv).

Proof.Let 2B/, (r,t) be an open ball with centré/ and radiug with respect td. That is
2B,/ (rt) = {y// ex:{(i,j) eNxN: ()g/j/—L,t) < 1-—rorv(x; X/ —L B >rielsl.

Lety// €3 BY, (r,t). Thenu(x// —y//t) > 1—r andv(x'/ —y// t) <r . Sinceu(x’/ —y//,t) > 1—r, there exists
to € (0,1) such thatu(x’/ —y// tg) > 1—r andv(x// —y// to) < r. Puttingro = u(x'/ —y// t5). We haverg > 1—r,

there exists € (0,1) such thatg >1—s>1—r. Forro > 1—s, we havery,ry € (0,1) such thatrg*r, > 1—sand
(1—rg)o(1—rp) <s. Puttingrs = maxri,rz}, consider the baHB)CI//(l— ra,t —to). We prove that

LetZ/ ¢ 2B, (1-r3,t—to). u(y!’ =2/t —to) > rzandv(y// — 2/ ,t —to) < r3. Therefore,
u(x =20y > (X —y/ to) s u(y// — 2 t—to) > (ro*ra) > (roxr1) > (1-9) > (1),

and
v(xI! =21ty <v(x/ =y o) ov(y!! =2/ t—tg) < (1—rg)o(1—r3) < (1—1g) > (1—rp) <sS<T.

Thusz'/ € ;B (r,t) and henceB? (1-ra.,t —to) C 2B (1.1).
Remarszf |s IFNS. Define

2Ty = {AC 25&"’(“",) . for eachx € Athere exists > 0 andr € (0,1) s. t.zB)f//(r,t) C A}. Thenzty, ) is a topology

|
Onzflf( V)"

Theorem 3.The topology1, ) On 252” |s first countable.

Proof. {2BX// (n, n) n=123,. } is a local base at// the topology,T(y vy ON 252” |s first countable.
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Theorem 4. zf andsz ) are Housdorff spaces.

Proof. We prove the result fOfﬂp(u’ . Similarly the result can be proved fee,, . Letx//\y// € 22|, , such that
X/ #y/!. Then 0< pu(x// —y// ,t) < 1 and 0< v(x// —y// t) < 1. Puttingry = u(x// —y// t) andry = v(x// —y// 1)
andr =max{ri,1—ry}. For eachrg € (r,1), there existsz andr4 such thatzxrs >rgand(1—r3)o(1—rg) < (1—rp).
Putting rs = maxrs,1—rs} and consider the open ballsB (1 —rs,5) and 2B/ (1 s, ). Then clearly
2By/(1—r5,5) N2By(1-r53) =0

For if there existe// € 2B,/ (1—rs,5) M 2B,,(1—T5,5), then

= ux/ =yt 2u(x//—z//,té)*u(z//—y//,%) > rxls > rgxr3 > o> 1.
and
ro=v(x/ -y t) < u(x//fz//,%)ov(z//fy//,%) <(1-r5)o(l-r5)<(1-rg)o(l—ry) <(1—r1g) <,

which is a contradiction. Henc;_e?”('u‘v) is Housdorff.

Theorem 5.23”('“7\/) is an IFNS 21, ) is a topology oryff('uyv) . Then a sequenc(e(i/j )€ sz' x1J — x// if and if
u(xi/j/ —x// 1) andv(xi/j/ —x//,t) > 0asi— o, j — .

ProofFix tg > 0. Supposex// — x//. Thenforr € (0,1), there existsip € N such thabq/j/ € 2B,/ (r,t) foralli > ng, j > no.
2B/ (nt) ={(i.J) eENxN: u(x/ —x// .ty < 1—rorv(x/ —x/.t) >r} €1

such thapBS, (r,t) € Z(I2). Then 17u(>q/j/fx//,t) <r andv(xi/j/ —x//,t) > 0asi — o, | — .

Conversely, if for each> O,M(xi/j/ —x/1t) =1 andv(xi/j/ —x//,t) = 0 asi — o, ] — o, then forr € (0, 1), there exists

no € N such thatl—u(xi/j/—x//,t) <rforalli>ng,j>no.

Thusxi/j/ € 2B, (r,t) for alli > no, jo > n and hence(i/j/ —x//.
Theorem 6. A double sequence=x (xi/j/) € 25&"’&1 vy I-converges if and only if for every > 0 and t > O there exists a
number N= N(x, &,t) such that

{(i,j)) eENxN:pu ()gJ )>1 eorv(xl <ere F(lp).

t
J ’2)

Proof. Suppose thatl , ) —limx= L and lete > 0 andt > 0. For a givere > 0 chooses > 0 such thatl—¢) x(1—¢) >
1-sandece < s Then for eackx € 252”('“ v)

. t t
Adlet) = {(i,)) e Nx N: p(x] - 5) S1-gorv(x X — L3) =€}l
which implies that
. t
A(e,t)={(i,j) eNxN:u (xIJ )>1 gorv(x ,/J/ L,2)<£}€ Z(12).
Conversely let us choode € A(g,t). Then p(xy x| — ,5) > 1—gorv(xy x| —L,%) < &. Now we want to show that

(© 2016 BISKA Bilisim Technology
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there exists a numb&= N(x, &,t) such that{(i, j) e Nx N : (xIJ xN .t <l-—sor v(xi/J/ x/N/, t) > s} € I,. For this,
define for eaclx € 23”('““/).

2Bx(e,t) ={(i,]) eNxN:u(x{/—x,/\,/, t) < 1—sorv(>g-/j/—x,/\,/,t) >s}tel.

Now we show thatBy(€,t) C 2A«(€,t). Suppose thaBy(€,t) C 2A«(€,1). Then there existén, n) € ,Bx(g,t) and(m,n) ¢
2A(€,1). Therefore we havg (xi/j/ fx,/\,/,t) < 1fsandu(xi/j/ —L,%) > 1-¢. Inparticularu (xﬂ —L,%) > 1—¢. Therefore
we have

t
1— 5> p(xdn—x \t) > (i —L )*u( X —L3)>(1-€)(1-g>1-5

which is not possible.

On the other hand(x1J // ;1) > sandv(x;; x// —L %) <en particularv(xﬁ —L,%) < &. Therefore we have
s< V(X X x{\,/, t) < v(xé{nfL 2)<>v(x§/ L,EZ) <egoe<s,

which is not possible. HeneBy(€,t) C 2Ax(€,1). 2Ax(€,t) € 12 = 2Bx(€,t) € I>. Proved.

Acknowledgments.The authors would like to record their gratitude to the re@efor his careful reading and making
some useful corrections which improved the presentatidhepaper.
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