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Abstract: By using the idea of partial sharing of a set of meromorphitcfions by a member of a family of meromorphic functions
and itskth derivative we obtain a normality criterion generalizisgme of the earlier results on shared sets and normal fanaifie
meromorphic functions. Further we prove a normality ciitewhich improves Marty’s theorem and its reverse couragrp
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1 Introduction and Main Results

Let f be a nonconstant meromorphic function in the complex pfan#/e assume that the reader is familiar with the
standard notions of the Nevanlinna value distribution theoch asT (r, f), m(r, f), N(r, f) (see B]). By S(r, f), as usual,
we shall mean a quantity that satisfies

S(r, f) =o(T(r,f)) asr — oo,

possibly outside an exceptional set of finite logarithmiamee.

A family .# of meromorphic functions defined on a domd&nC C is said to be normal iD if every sequence of
elements of# contains a subsequence which converges locally uniformily with respect to the spherical metric, to a
meromorphic function ow (see ).

Two nonconstant meromorphic functiohendg defined on a domaib are said to share a s&bf distinct meromorphic

functions inD if U Ef(@) = U Eg(@), whereE;(¢) = {ze D: f(2) = ¢(2)}. However, if J E;(¢) C U Eq4(9),
peS QS ©eS @S

then we say that shareS partially with g and we writef (z) € S=-g(z) € S.

Schwick [LQ] proved that if there exist three distinct finite valag a,, az in C such thatf andf’ shareg;, i =1,2,3 onD
for eachf € #, then.# is normal inD.

Fang B] and Liu and Pang{] extended the Schwick’s result using the idea of shared $a&y precisely proved:

Theorem 1. Let % be a family of meromorphic functions in a domain D, and lgta and & be three distinct finite
complex numbers. If for everye %, f and f share the set S {a;,ay,a3}, then.% is normal in D.

In 2010, ChenZ?] proved the following three results concerning a sharedbealues:
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Theorem 2. Let .# be a family of meromorphic functions in a domain D, and lgtaa and & be three nonzero distinct
finite complex numbers and letS{a;,ap,as}. If for every fe %, f(z) € S= f/'(2) € S, thenZ is normal in D.

Theorem 3. Let.%# be a family of meromorphic functions in a domain D, all of winpsles are of multiplicity at least 3,
let a1, &y and g be three distinct finite complex numbers, let $a;,a,,az}, and let M be a positive number. If for every
f e .7, |f'(z)| <M whenever {z) € S, then# is normal in D.

Theorem 4. Let.# be a family of meromorphic functions in a domain D, all of wdasros are multiple. Letjaand &
be two nonzero distinct finite complex numbers and let{®y,a;}. If for every fe Z, f(z) € S= f/(z) € S, thenZ is
normal in D.

Chen P] has given an example to show that the cardinalitysafi Theorem2 and Theoren8 cannot be reduced. But
in Theorem4, as far as we know, whether the condition on the multiplioityhe zeros and that on the values3nare
essential. We give here following examples to establishttiese conditions are essential.

Example 1. Consider the family
F ={fa(z)=tamz: n=1,2,---},

on the unit diskD, and the seB= {i,—i}. Then each € .# has simple zeros, and for eveie .%, f(z) € S= f'(z7) € S.
But.# is not normal inD. Thus the condition on the multiplicity of zeros is essdntia heoremd.

Example 2. Consider the family
z
F = {fn(z) = en? : n2,3,~~~}

on the unit diskD, and the seS= {0,}. Then for everyf € .7, f(z) € S= f'(z) € S But.Z is not normal inD. Thus
the condition thas has nonzero finite values is essential in Theodem

In this paper, we generalize these results by replacingléments of the shared sg&by distinct meromorphic functions
as follows:

Let .# be a family of meromorphic functions in a domdin all of whose poles are of multiplicity at least 3, and let
S:={@, @, - ,m} be a set oh—distinct meromorphic functions iB, wheren > 3.

Theorem 5. If

(i) for a given me N and for each fe .7, f(z) € S= K (2) € S,1<k<m, and

(it) ¥ zo € D, the cardinality of the sef@i (), @ (20), -+, ¢h(20)} is at most 2 implies that (&) # @(2) for at least 2
functionsg (depending on f),

then.# is normal in D.

Theorem 6. If

(i) there is a constant N+ 0 such that f ¥ (z)| < M whenever z) € S Vf € .7, 1 <k <m, where m is a given positive
integer, and

(il) ¥ zg € D, the cardinality of the sef@i (), @ (20), -+, ¢h(20)} is at most 2 implies that (&) # @(2) for at least 2
functionsg (depending on f),

then.# is normal in D.

Example 3. [4] Consider the family
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on the unit diskD and setS= {—1,1}. Then for anyf, € .#, we haven?[f2(z) — 1] = [f/(2)]? — 1. Thusfn(2) € S =
f\(z) € Sand|f}(2)| < 1, but.Z is not normal inD. This shows that the cardinality &in Theorem5 and Theoren®
cannot be reduced.

Example 4. Consider the family
F={fa(=nz:n=12,---}

on the unit diskD, and seS= {0,—1,}. Thenfy(0) € Sbut f,(0) ¢ Sand|f;(0)| — o asn — . Note thatZ is not
normal inD. Thus conditior(i) in Theorenb and as well as in Theorefis essential.

Example 5. Consider the family
F={fa(z)=2nZ7 : n=1,2,---}

on the unit diskD. Let S= {@1, @, @3}, whereg(2) = 2, @(2) = 72/2 andgs(2) = 2/3. Then for evenyf € .7, f(2) €
S= f'(z) € Sand|f'(z)] < M, whereM is a positive number. However, the famil§ is not normal inD. Note that
fn(0) = @ (0) = @(0) = @3(0). Therefore, the conditiofii) cannot be dropped in Theoresrand Theoren.

Remark.

1. If m> 3, then the conclusion of Theor&uand Theorens hold without the condition on the multiplicity of the poles.
2. Sincel|f'(2)| < M implies f#(z) < M, Theorenb generalizes Marty’s theorem by taking= 1.

Recently, Grahl and Nev®&] gave the following reverse counterpart to Marty’s theorem

Theorem 7. Let some M> 0 be given and set
¢ :={feu#D):*(z>Mforallze D}.

Then¥ is normal inD.
Here, we prove a generalization of Theorémas:

Theorem 8. Let k and n be two positive integers wittk2 and n> 3. Let.7Z be a family of meromorphic functions in a
domain D, all of whose zeros are of multiplicity at leastk, and letthe setS {@, @, -, gh}, where@g (i=1,2,--- |n)
are meromorphic functions on D such thgtz) # ¢;(z) fori # j, z€ D. If, for every fe 52,

fK(2) e S= t(2) > M,

where M> 0 is a constant, the@? is normal in D.
The following examples show that various conditions in Tle@o8 cannot be dropped:

Example 6. Consider the family

%:{fn(z):niz:nzl,z,---}

on the open unit disk, and letS= {0,}. Clearly, for everyn, £ (0) € S= f#(0) = n — o asn — «. However, the
family 27 is not normal inD. Thus the cardinality o§ cannot be reduced.

Example 7. Consider the family
A ={fn(2d =nX:n=12-.-}

on the open unit disk), and letS= {0,1,}. Clearly, for everyf € 7, {(2) € S= #(z) > M, for some positive
constantM . However, the familys# is not normal inD. This shows that the condition on the multiplicity of zeras i
Theoren8 is essential.
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Example 8. Consider the family
A ={f(2)=nZ:n=12.-}

on the open unit disk, and letS= {0,1,}. Clearly, for everyf € .27, f/(0) € S= f#(0) = 0. However, the family#’
is not normal inD. Therefore the conditionf¥ (z) € S= f#(2) > M” is essential.

Throughout the paper, we shall denote the open disk witheceizy and radiug by D(z,r) and the punctured disk by
D*(zo,r).

2 Proof of the main results

We need the following results for the proof of our main result

Lemmal.[8] Let.# be afamily of functions meromorphiclhall of whose zeros have multiplicity at least m and all of
whose poles have multiplicity at least p. TherZifis not normal at a pointge D, there exist, foreach : —p< a <m,

(i) areal numberr: r< 1,

(i) points z: |z, <,

(iii ) positive numberg,: ph—0,

(iv) functions f € F such that g({)=p, * fn(zn+ pn{) converges locally uniformly with respect to the spheriwaric to
g(¢), where d<) is a non constant meromorphic function 6rand ¢*({)< g#(0) = 1.

Lemma 2. [1] Let.# be afamily of meromorphic functions in a domailand let a and b be distinct functions holomorphic
onD. Suppose that, for any ¢ .# and any z= D, f(z) # a(z) and f(z) # b(z). If % is normal inD — {0}, then.Z is
normal inD.

Proof. [Proof of Theorem 5.] Since normality is a local property, it is enough to showt tiais normal at eaclry € D.
LetS ={@ (), ®(20), - ,@(Z0)}. We distinguish the following cases:

Case 1. Suppose that all the values$ are finite.

Here the following subcases arise:

Subcase 1.1. When cardinality of5; is at least three.

Suppose tha# is not normal ay. Then by Lemmad, we can find a sequenc{e‘j} in.#,a sequencézj} of complex
numbers withz; — zp and a sequencfp; } of positive real numbers with; — 0 such that

9i(¢) = fi(z+pj<)

converges locally uniformly with respect to the sphericairc to a non-constant meromorphic functig{@) on C, all
of whose poles are of multiplicity at least 3, such 4 ) < g#(0) =1 forall { € C.

Clearlyg assume at least one of the valuesSgfotherwiseg becomes constant by Picard’s theorem. g C be such
thatg({o) — @(20) = 0O, for somei = 1,2,--- ,n. Sinceg({) # @(z), by Hurwitz's theorem there exist a sequence of
points{j — { such that for sufficiently largg

9i(¢j) = fi(z +pidj)) = a(zy +pij) €S
By hypothesis, for every € .%, f(z) € S= f®(z) € S(k=1,2,---,m), it follows that

¥ +p0)€es
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and hence
K K
9(2)) = ¥ (7 + 010)) = Pl a(z + ),

forsomei=1,2,--- ,nandk=1,2,--- ,m. Therefore
g¥(%) = lim g}’ (¢)) = 0
oo

fork=1,2,--- ,m, and sa{p is a zero of multiplicity at leasin+ 1 forg({) — @(z), (i=1,2,---,n).
Since poles of have multiplicity at least 3, by Second fundamental theoo&ievanlinna, we have

(n—1)T(r,g) gN(r,ﬁ;(Z‘J)) +N(r,W1(ZO)) +---+N(r,W1(ZO)) +N(r,9) + S(r,9).

<1 (rgmem) M mam) M (gmam) | o st
< %T(r, 9)+ %T(r,g)+8(r, 9)

m+
T(r,9)+S(r,9),

B 3n+m+1
" 3m+3

which is a contradiction as > 3. Thus.# is normal atz.

Subcase 1.2. When cardinality of5; is at most two.

By hypothesis (ii),f (z0) # @(zo) for at least two function®, (i = 1,2,---,n). So we can find a small neighbourhood,
sayD(zy,r) such thatg(z) # @(2) (1 <i,j <n)in D*(z,r). Thus by subcase 1.¥ is normal inD*(zo,r). Now we

show that% is normal atz.

Sincef(z) # @(z) for at least two functiongy and eachp(z) is finite, we find that for every € %, f(2) # @(z) for
at least two functiong which are holomorphic i (zp,r). Thus by Lemm&, .% is normal atz,.

Case 2. Suppose one of the value 8 is infinite.
Without loss of generality, assume tha{zy) = . We takeh ¢ S; and consider the family

Clearly for everyf € %,

f(2) € Suimpliesg(z) € S = {0’ mzol)—h’ <Pz(201)*h’m ’ cm(zj)h}’

with all the values ir&; finite. So we can find a small neighbourhddgy, r) of zy such that

f(z) € Simpliesg(z) € T = {0, ¢1(Z§—h’ @(z%—h’m , %(;_h}.

Thus by Case ¥4 is normal atzg and which in turn implies that the family is normal atz.
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Proof. [Proof of Theorem 6.] Since normality is a local property, it is enough to showt tiais normal at eaclry € D.

The proof is similar to that of Theorefexcept the case when all the valuesSinare finite, and cardinality 0%, is at
least three. So here we consider that case only.

Suppose tha# is not normal atp. Then by Lemméd, we can find a sequem{e‘j} in #, a sequencézj} of complex
numbers withz; — zp and a sequencfp; } of positive real numbers with; — 0 such that

0i({) = fi(z;+p;jQ)

converges locally uniformly with respect to the sphericailrc to a non-constant meromorphic functig{@) on C, all
of whose poles are of multiplicity at least 3, such 4 ) < g#(0) =1 forall { € C.

Clearly g assume at least one of the value in Sgtotherwiseg becomes constant by Picard’s theorem. {gt C be
such thag({o) — @(z0) = 0, for somei = 1,2,--- ,n. Sinceg({) # @(2), by Hurwitz's theorem there exist a sequence
of points{j; — ¢ such that for sufficiently large,

9i(¢) = fij(z +pi¢j) = a(zi+pj¢j) €S
By hypothesis, for every € .Z, |1 (2)| < M wheneverf (z) € S(k=1,2,---,m), it follows that
1+ i) <M,

and henCe kf +I)( p
K k

fork=1,2,--- ;m. Therefore
g(k)(Zo) = lim ggk)(fj) =0
Jﬁoo

fork=1,2,--- ,;m, and sa{p is a zero of multiplicity at leasin+ 1 forg({) — @(z), (i=1,2,--- ,n).
Since poles ofg have multiplicity at least 3, using the Second fundamertabtem of Nevanlinna we arrive at a
contradiction (as obtained in the proof of Theor8nshowing.# is normal atz.

Proof. [Proof of Theorem 8.]Since normality is a local property, it is enough to showt tbé is normal at eaclry € D.
Suppose that# is not normal at some poizy € D. Then by Lemmad., we can find a sequen<{e‘j} in ¢, a sequence
{z} of complex numbers witk; — zy and a sequencfp; } of positive real numbers with; — 0 such that

9i(0) = p;*fi(z +pj?)

converges locally uniformly with respect to the sphericairc to a non-constant meromorphic functig{@) on C, all
of whose zeros have multiplicity at ledst- 1, such thag”({) < g#(0) = 1 for all { € C.

Clearly g assume at least one of the valggz), (i = 1,2,---,n), otherwiseg¥) becomes constant by Picard’s
theorem. Letp € C be such thag™ (o) — @(z) = 0 for somei = 1,2, --- . n. Clearly,g®¥ (Z) # @(z), for otherwiseg
would be a polynomial of degree at mdstwhich is a contradiction. By Hurwitz theorem, there exigtemuence of
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points{j — {o such that for sufficiently largg, we have
0/ =t +pid) =z +pd) €S
By hypothesis, for every ¢ 7, f#(z) > M wheneverf ¥ (z) € S, it follows that
(i +pidj) =M,

and hence,
g*(o) = lim gf(Z;)
jooo
= Jliggopfk”(fj)#(fj +pidj)
> lim p "M — oo,

j—eo

which is a contradiction to the fact thghas bounded spherical derivative. Hes¢gis normal atzp.
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