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1 Introduction

Integral inequalities play a fundamental role in the theoryof differential equations, functional analysis and applied

sciences. Important development in this theory has been achieved for the last two decades. For these, see [6]-[11] and the

references there in. Moreover, the study of fractional typeinequalities is also of vital importance. Also see [1]-[5] for

further information and applications.

The researchers have studied Fractional Calculus since seventeenth century. From this date, mathematicians as well as

biologists, chemists, economists, engineers and physicists have found this new theory very attractive. Many different

derivatives were introduced.

2 Fractional integrals

Now we will give fundamental definitions and notations for fractional integrals.

Definition 1. Let a,b∈ R, a< b, andα > 0. For f ∈ L1 (a,b)

(

Jα
a+ f

)

(x) =
1

Γ (α)

x
∫

a
(x− t)α−1 f (t)dt, α > 0, x> a (1)

and
(

Jα
b− f

)

(x) =
1

Γ (α)

b
∫

x
(t − x)α−1 f (t)dt, b> 0, b> x. (2)

These integrals are called right-sided Riemann-Liouvillefractional integral and left-sided Riemann-Liouville fractional

integral respectively [12]-[ 17].
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This integrals is motivated by the well known Cauchy formula:

x
∫

a

dτ1

τ1
∫

a

dτ2...

τn−1
∫

a

f (τn)dτn =
1

Γ (n)

x
∫

a

(x− τ)n−1 f (τ)dτ. (3)

Definition 2. Let (a,b) be a finite interval of the real lineR andℜ(α) > 0. Also let h(x) be an increasing and positive

monotone function on(a,b], having a continuous derivative h
′
(x) on (a,b). The left- and right-sided fractional integrals

of a function f with respect to another function h on[a,b] are defined by [17]

(

Jα
a+,h f

)

(x) :=
1

Γ (α)

∫ x
a [h(x)−h(t)]α−1h

′
(t) f (t)dt, x≥ a, (4)

and
(

Jα
b−,h f

)

(x) :=
1

Γ (α)

∫ b
x [h(t)−h(x)]α−1h

′
(t) f (t)dt, x≤ b. (5)

For (4) and (5)
(

Jα
a+,h f

)

(a) =
(

Jα
b−,h f

)

(b) = 0.

If we take h(x) = x in (4) and (5) integral formulas, we have

Jα
a+,h = Jα

a+ and Jα
b−,h = Jα

b− .

Also if we choose h(x) =
xρ+1

ρ +1
for ρ ≥ 0, then the equalities (4) and (5) will be

(Jα
a+,ρ f )(x) =

(ρ +1)1−α

Γ (α)

x
∫

a
(xρ+1− tρ+1)α−1tρ f (t)dt, x> a (6)

and

(Jα
b−,ρ f )(x) =

(ρ +1)1−α

Γ (α)

b
∫

x
(tρ+1− xρ+1)α−1tρ f (t)dt, x< b (7)

respectively. This kind of generalized fractional integrals are studied in [12], [ 13], [ 16], [ 18].

In [16], Katugampola gave a new fractional integration which generalized Riemann-Liouville fractional integrals. This

(6) and (7) generalizations is based on the following equality,

x
∫

a

τρ
1 dτ1

τ1
∫

a

τρ
2 dτ2...

τn−1
∫

a

τρ
n f (τn)dτn =

(ρ +1)1−n

(n−1)!

x
∫

a

(xρ+1− τρ+1)n−1τρ f (τ)dτ. (8)

Fora= 0 in (4), we can write

(

Jα
0+,h f

)

(x) =
1

Γ (α)

x
∫

0
(h(x)−h(t))α−1h

′
(t) f (t)dt, x> 0 (9)

(

J0
0+,h f

)

(x) = f (x).

For the convenience of establishing the results, we give thesemigroup property:

Jα
a+,hJβ

a+,h f (x) = Jα+β
a+,h f (x), α ≥ 0, β ≥ 0,
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which implies the commutative property:

Jα
a+,hJβ

a+,h f (x) = Jβ
a+,hJα

a+,h f (x).

To show the being unit operator property of (9) integral operator, we chooseh function specially asf (x) = h(x) we obtain

the following equality
(

Jα
0+,hh

)

(x) =
1

Γ (α)

x
∫

0
(h(x)−h(t))α−1h(t)h

′
(t)dt

=
(h(x)−h(0))α

Γ (α +2)
[h(x)+αh(0)] .

(10)

Let α = 0 in (10), then we have
(

J0
0+,hh

)

(x) = h(x).

Let f (x) = 1 andh(x) = xρ+1

ρ+1 in (9), then we have

Jα
0+,h(1) =

(ρ +1)−α

Γ (α +1)
tα(ρ+1).

Definition 3. Let α > 0 and x> 0, defined by [14], [ 19]

(kJα f ) (x) =
1

kΓk(α)

x
∫

0
(x− t)

α
k −1 f (t)dt. (11)

Where k−gamma function is defined by

Γk(x) =

∞
∫

0

t
x
k−1e−

tk
k dt, x> 0.

and

Bk(x,y) =
1
k

1
∫

0

t
x
k−1 (1− t)

y
k−1dt.

Also

Bk(x,y) =
Γk(x)Γk(y)
Γk(x+ y)

and Bk(x,y) =
1
k

Bk(
x
k
,
y
k
).

Definition 4. Let (a,b) be a finite interval of the real lineR andℜ(α) > 0. Also let h(x) be an increasing and positive

monotone function on(a,b], having a continuous derivative h
′
(x) on (a,b). The left- and right-sided fractional integrals

of a function f with respect to another function h on[a,b] are defined by

(

kJα
a+,h f

)

(x) :=
1

kΓk (α)

x
∫

a
[h(x)−h(t)]

α
k −1h

′
(t) f (t)dt, k> 0, ℜ(α)> 0 (12)

and
(

kJα
b−,h f

)

(x) :=
1

kΓk (α)

b
∫

x
[h(t)−h(x)]

α
k −1h

′
(t) f (t)dt, k> 0, ℜ(α)> 0. (13)

If we take h(x) = x in (12) and (13) integral formulas, we will obtain

(kJ
α
a+ f )(x) =

1
kΓk(α)

x
∫

a

(x− t)
α
k −1 f (t)dt, x> a
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(

kJ
α
b− f

)

(x) =
1

kΓk (α)

b
∫

x

(t − x)
α
k −1 f (t)dt, b> x.

Note that when k→ 1, then it reduces to the classical Riemann-Liouville fractional integral.

Also if we chooseh(x) =
xρ+1

ρ +1
for ρ ∈ R/{−1}, then the equalities (12) and (13) will be

(
ρ
k Jα

a+ f )(x) =
(ρ +1)1− α

k

kΓk(α)

x
∫

a
(xρ+1− tρ+1)

α
k −1tρ f (t)dt, x> a (14)

and

(
ρ
k Jα

b− f )(x) =
(ρ +1)1− α

k

kΓk(α)

b
∫

x
(tk+1− xk+1)α−1tk f (t)dt, x< b (15)

respectively. This kind of generalized fractional integrals are studied in [20].

Fora= 0 in (12), we can write

(

kJα
0+,h f

)

(x) =
1

kΓk(α)

x
∫

0
(h(x)−h(t))

α
k −1h

′
(t) f (t)dt, x> 0 (16)

(

kJ0
0+,h f

)

(x) = f (x).

Semi group and commutative properties of (16) integral operator is the following

[(

kJα
a+,h

)(

kJ
β
a+,h

)]

f (x) = Jα+β
a+,h f (x), α ≥ 0, β ≥ 0

and
[(

kJα
a+,h

)(

kJ
β
a+,h

)]

f (x) =
(

kJ
β
a+,h

)(

kJα
a+,h

)

f (x).

To show the being unit operator property of (16) integral operator, we chooseh function specially asf (x) = h(x) we

obtain the following equality

(

kJα
0+,hh

)

(x) =
1

kΓk(α)

x
∫

0
(h(x)−h(t))

α
k −1h(t)h

′
(t)dt

=
(h(x)−h(0))

α
k

Γ (α + k+1)
[h(x)+αh(0)] .

(17)

For α = 0 andk= 1 in (17), we have
(

J0
0+,hh

)

(x) = h(x).

The main aim of this work is to establish a new fractional integral inequality for(k,h)−Riemann-Liouville fractional

integral. Using the technique of [20] a key role in our study.

3 Main results

Theorem 1.Let f and g are two synchronous functions on[0,∞). Then for t> 0, α > 0;

kJα
a+,h( f g)(t)≥

Γk (α + k)

(h(t)−h(a))
α
k

(

kJα
a+,h

)

f (t)
(

kJα
a+,h

)

g(t). (18)
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Proof.For f andg synchronous functions, we have

( f (τ)− f (ρ))(g(τ)−g(ρ))≥ 0. (19)

From (19) it can be written as following

f (τ)g(τ)+ f (ρ)g(ρ)≥ f (τ)g(ρ)+ f (ρ)g(τ). (20)

If we multiply two sides of the (20) with
(h(t)−h(τ))

α
k −1

kΓk(α)
h
′
(τ) , τ ∈ (a, t), we obtain

(h(t)−h(τ))
α
k −1

kΓk(α)
h
′
(τ) f (τ)g(τ)+

(h(t)−h(τ))
α
k −1

kΓk(α)
h
′
(τ) f (ρ)g(ρ)

≥
(h(t)−h(τ))

α
k −1

kΓk(α)
h
′
(τ) f (τ)g(ρ)+

(h(t)−h(τ))
α
k −1

kΓk(α)
h
′
(τ) f (ρ)g(τ).

(21)

Integrating (21) inequality on(a, t), then

1
kΓk(α)

∫ t
a(h(t)−h(τ))

α
k −1h

′
(τ) f (τ)g(τ)dτ +

1
kΓk(α)

∫ t
a(h(t)−h(τ))

α
k −1h

′
(τ) f (ρ)g(ρ)dτ

≥
1

kΓk(α)

∫ t
a(h(t)−h(τ))

α
k −1h

′
(τ) f (τ)g(ρ)dτ +

1
kΓk(α)

∫ t
a(h(t)−h(τ))

α
k −1h

′
(τ) f (ρ)g(τ)dτ.

(22)

Therefore

kJα
a+,h( f g)(t)+ f (ρ)g(ρ) 1

Γ (α)

∫ t
a(h(t)−h(τ))

α
k −1h

′
(τ)dτ

≥ g(ρ)
1

kΓk(α)

∫ t
a(h(t)−h(τ))

α
k −1h

′
(τ) f (τ)dτ + f (ρ)

1
kΓk(α)

∫ t
a(h(t)−h(τ))

α
k −1h

′
(τ)g(τ)dτ

(23)

and

(

kJ
α
a+,h

)

( f g)(t)+ f (ρ)g(ρ)
(

kJ
α
a+,h

)

≥ g(ρ)
(

kJ
α
a+,h

)

f (t)+ f (ρ)
(

kJ
α
a+,h

)

g(t). (24)

Now multiplying two sides of (24) with
(h(t)−h(ρ))

α
k −1

kΓk(α)
h
′
(ρ) , ρ ∈ (a, t), we have

(h(t)−h(ρ))
α
k −1

kΓk(α)
h
′
(ρ)Jα

a+,h ( f g) (t)+
(h(t)−h(ρ))

α
k −1

kΓk(α)
h
′
(ρ) f (ρ)g(ρ)Jα

a+,h(1)

≥
(h(t)−h(ρ))

α
k −1

kΓk(α)
h
′
(ρ)g(ρ)Jα

a+,h f (t)+
(h(t)−h(ρ))

α
k −1

kΓk(α)
h
′
(ρ) f (ρ)Jα

a+,hg(t).

(25)

c© 2016 BISKA Bilisim Technology

www.ntmsci.com


143 A. Akkurt, M. E. Yildirim and H. Yildirim: On some integral inequalities for(k,h)−Riemann-Liouville...

By integrating to (26) on (a, t), then

(

kJα
a+,h

)

( f g)(t)
∫ t

a
(h(t)−h(ρ))

α
k −1

kΓk(α)
h
′
(ρ)dρ +

(

kJα
a+,h(1)

)

kΓk(α)

∫ t
a f (ρ)g(ρ)(h(t)−h(ρ))

α
k −1h

′
(ρ)dρ

≥

(

kJα
a+,h

)

f (t)

kΓk(α)

∫ t
a(h(t)−h(ρ))

α
k −1h

′
(ρ)g(ρ)dρ +

(

kJα
a+,h

)

g(t)

kΓk(α)

∫ t
a(h(t)−h(ρ))

α
k −1h

′
(ρ) f (ρ)dρ .

(26)

This inequality is can be written as the following at the sametime

Jα
a+,h( f g)(t)≥

Γk (α + k)

(h(t)−h(a))
α
k

Jα
a+,h f (t)Jα

a+,hg(t). (27)

So the proof is completed.

Theorem 2.Let f and g are two synchronous functions on[a,b]. Then for t> a, α > 0, β > 0 and k> 0,

(h(x)−h(a))
α
k

Γk (α + k)

[(

kJα
a+,h

)

( f g) (t)+
(

kJ
β
a+,h

)

( f g)(t)
]

≥
(

kJα
a+,h

)

f (t)
(

kJ
β
a+,h

)

g(t)+
(

kJα
a+,h

)

g(t)
(

kJ
β
a+,h

)

f (t).

Proof. Since thef andg are two synchronous functions on[a,b] then for allτ,ρ ≥ 0. If we multiply two sides of (24)

with
(h(t)−h(ρ))

β
k −1

kΓk(β )
h
′
(ρ), then we obtain

(h(t)−h(ρ))
β
k −1

kΓk(β )
h
′
(ρ)

(

kJα
a+,h

)

( f g)(t)+
(h(t)−h(ρ))

β
k −1

kΓk(β )
h
′
(ρ) f (ρ)g(ρ)

(

kJα
a+,h

)

(1)

≥
(h(t)−h(ρ))

β
k −1

kΓk(β )
h
′
(ρ)g(ρ)

(

kJα
a+,h

)

f (t)+
(h(t)−h(ρ))

β
k −1

kΓk(β )
h
′
(ρ) f (ρ)

(

kJα
a+,h

)

g(t).

(28)

Integrating to (28) on (a, t), then

t
∫

a

(h(t)−h(ρ))
β
k −1

kΓk(β )
h
′
(ρ)

(

kJα
a+,h

)

( f g)(t)dt+
t
∫

a

(h(t)−h(ρ))
β
k −1

kΓk(β )
h
′
(ρ) f (ρ)g(ρ)

(

kJα
a+,h(1)

)

dt

≥
t
∫

a

(h(t)−h(ρ))
β
k −1

kΓk(β )
h
′
(ρ)g(ρ)

(

kJα
a+,h

)

f (t)dt+
t
∫

a

(h(t)−h(ρ))
β
k −1

kΓk(β )
h
′
(ρ) f (ρ)

(

kJα
a+,h

)

g(t)dt.

(29)

This is the proof of the theorem

(

kJ
β
a+,h

)

(1)
(

kJα
a+,h

)

( f g) (t)+
(

kJα
a+,h

)

(1)
(

kJ
β
a+,h

)

( f g) (t)

≥
(

kJα
a+,h

)

f (t)
(

kJ
β
a+,h

)

g(t)+
(

kJα
a+,h

)

g(t)
(

kJ
β
a+,h

)

f (t).

(30)

Remark.It is obvious that if we takeα = β in this theorem we will obtain Theorem 1.
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Theorem 3.Let f,g and h be tree monotonic functions defined on[0,∞) satisfying the following inequality

( f (τ)− f (ρ))(g(τ)−g(ρ))(h(τ)−h(ρ))≥ 0

for all ρ ,τ ∈ [a, t] , then for all t> a≥ 0, α > 0, β > 0, the following inequalities for(k,H)−fractional integrals hold:

[

kJα
a+,h ( f gh)(t)

](

kJ
β
a+,h

)

(1)−
(

kJα
a+,h

)

(1)
[

kJ
β
a+,h ( f gh)(t)

]

≥
[

kJα
a+,h ( f h) (t)

][

kJ
β
a+,hg(t)

]

+
[

kJα
a+,h (gh)(t)

][

kJ
β
a+,h f (t)

]

−
[

kJα
a+,hh(t)

][

kJ
β
a+,h ( f g)(t)

]

+
[

kJα
a+,h ( f g)(t)

][

kJ
β
a+,hh(t)

]

+
[

kJα
a+,h f (t)

][

kJ
β
a+,hg(t)

]

−
[

kJα
a+,hg(t)

][

kJ
β
a+,h ( f h) (t)

]

.

(31)

Proof.Since the functionsf , g andh monotonic functions on[0,∞), then for allτ,ρ ≥ 0, we have

( f (τ)− f (ρ))(g(τ)−g(ρ))(h(τ)−h(ρ))≥ 0. (32)

From (32) it can be written as following

f (τ)g(τ)h(τ)− f (ρ)g(ρ)h(ρ)− f (τ)g(ρ)h(τ)− f (ρ)g(τ)h(τ)

+ f (ρ)g(ρ)h(τ)− f (τ)g(τ)h(ρ)− f (τ)g(ρ)h(ρ)+ f (ρ)g(τ)h(ρ)≥ 0.

(33)

If we multiply two sides of the (33) with
(h(t)−h(τ))

α
k −1

kΓk(α)
h
′
(τ) , τ ∈ (a, t), we obtain

t
∫

a

(h(t)−h(τ))
α
k −1

kΓk(α)
h
′
(τ) f (τ)g(τ)h(τ)dt− f (ρ)g(ρ)h(ρ)

t
∫

a

(h(t)−h(τ))
α
k −1

kΓk(α)
h
′
(τ)dt

≥ g(ρ)
t
∫

a

(h(t)−h(τ))
α
k −1

kΓk(α)
h
′
(τ) f (τ)h(τ)dt+ f (ρ)

t
∫

a

(h(t)−h(τ))
α
k −1

kΓk(α)
h
′
(τ)g(τ)h(τ)dt

− f (ρ)g(ρ)
t
∫

a

(h(t)−h(τ))
α
k −1

kΓk(α)
h
′
(τ)h(τ)dt+h(ρ)

t
∫

a

(h(t)−h(τ))
α
k −1

kΓk(α)
h
′
(τ) f (τ)g(τ)dt

+g(ρ)h(ρ)
t
∫

a

(h(t)−h(τ))
α
k −1

kΓk(α)
h
′
(τ) f (τ)dt− f (ρ)h(ρ)

t
∫

a

(h(t)−h(τ))
α
k −1

kΓk(α)
h
′
(τ)g(τ)dt.

(34)

Therefore

kJα
a+,h ( f gh)(t)− f (ρ)g(ρ)h(ρ)

(

kJα
a+,h

)

(1)≥ g(ρ)k Jα
a+,h ( f h)(t)+ f (ρ)k Jα

a+,h (gh)(t)

− f (ρ)g(ρ)k Jα
a+,hh(t)+h(ρ)k Jα

a+,h ( f g)(t)+g(ρ)h(ρ)k Jα
a+,h f (t)− f (ρ)h(ρ)k Jα

a+,hg(t).

(35)
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Now multiplying two sides of (35) with
(h(t)−h(ρ))

β
k −1

kΓk(β )
h
′
(ρ) , ρ ∈ (a, t), we have

[

kJ
α
a+,h ( f gh) (t)

]

t
∫

a

(h(t)−h(ρ))
β
k −1

kΓk(β )
h
′
(ρ)dρ −

(

kJ
α
a+,h

)

(1)

t
∫

a

(h(t)−h(ρ))
β
k −1

kΓk(β )
f (ρ)g(ρ)h(ρ)h

′
(ρ)dρ

≥
[

kJ
α
a+,h ( f h)(t)

]

t
∫

a

(h(t)−h(ρ))
β
k −1

kΓk(β )
g(ρ)h

′
(ρ)dρ +

[

kJ
α
a+,h (gh)(t)

]

t
∫

a

(h(t)−h(ρ))
β
k −1

kΓk(β )
f (ρ)h

′
(ρ)dρ (36)

−
[

kJ
α
a+,h (h)(t)

]

t
∫

a

(h(t)−h(ρ))
β
k −1

kΓk(β )
f (ρ)g(ρ)h

′
(ρ)dρ +

[

kJ
α
a+,h ( f g) (t)

]

t
∫

a

(h(t)−h(ρ))
β
k −1

kΓk(β )
h(ρ)h

′
(ρ)dρ

+
[

kJ
α
a+,h ( f ) (t)

]

t
∫

a

(h(t)−h(ρ))
β
k −1

kΓk(β )
g(ρ)h(ρ)h

′
(ρ)dρ −

[

kJ
α
a+,h (g)(t)

]

t
∫

a

(h(t)−h(ρ))
β
k −1

kΓk(β )
f (ρ)h(ρ)h

′
(ρ)dρ .

This is the proof of the theorem,

[

kJα
a+,h ( f gh)(t)

](

kJ
β
a+,h

)

(1)−
(

kJα
a+,h

)

(1)
[

kJ
β
a+,h ( f gh)(t)

]

≥
[

kJα
a+,h ( f h) (t)

][

kJ
β
a+,hg(t)

]

+
[

kJα
a+,h (gh)(t)

][

kJ
β
a+,h f (t)

]

−
[

kJα
a+,hh(t)

][

kJ
β
a+,h ( f g) (t)

]

+
[

kJα
a+,h ( f g)(t)

][

kJ
β
a+,hh(t)

]

+
[

kJα
a+,h f (t)

][

kJ
β
a+,hg(t)

]

−
[

kJα
a+,hg(t)

][

kJ
β
a+,h ( f h) (t)

]

.

4 Conclusion

The paper deals with inequalities of Hermite-Hadamard typeusing synchronous and monotonic function for Fractional

integrals. First several theorems on Hermite-Hadamard type inequalities are given. Moreover several result of

Hermite-Hadamard type inequalities are mentioned.
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