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Abstract: The idea of sequence spaces of generalized means has recently been introduced by Mursaleen and Noman [2]. In this paper,
we study bounded weighted composition operators on some Hilbert sequence spaces of generalized means.
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1 Introduction and preliminaries

By w, we denote the space of all complex sequences. If x € w, then we simply write x = (x;) instead of x = (xz),_-
Also, we write ¢ for the set of all finite sequences that terminate in zeros. Further, we shall use the conventions that
e=(1,1,1,...) and e is the sequence whose only non-zero term is 1 in the k™ place for each k € N, where
N={0,1,2,...}.

Any vector subspace of w is called a sequence space. We shall write ¢, ¢ and ¢ for the sequence spaces of all bounded,
convergent and null sequences, respectively. Further, by ¢, (1 < p < ), we denote the sequence space of all
p-absolutely convergent series, that is £, = {x = (x) € w: ¥ |xx|? < eo}. The spaces {w., ¢ and ¢ are Banach spaces
with the usual sup-norm given by ||x||,, = sup; |x¢|. Also, the space ¢, (1 < p < eo) is a Banach space with the usual
£p-norm defined by ||x|| , = (¥;o I |P) /P

For p = 2, ¢, is the Hilbert space under the inner product defined as

<x7y> = anyn vay S €2~
n=0

Throughout this paper, let %7 and %, be the following sets of sequences
U ={u= () Ew:u #0forall k} and % = {u = (ux) € w: up # 0}.

Let r,t € % and s € %,. For any sequence x = (x,) € w, we define the sequence X = (&,) of generalized means of x by

1 n
Tn=—Y spattxxs (nEN), (M
n k=0
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that is X, = (s*1x),,/r, for all n € N. Further, we define the infinite matrix A(r,s,7) of generalized means by

Sn—ktk/mns (0 <k <n),
( (I’,S,l‘))nk: (2)
0; (k>n),

for all n,k € N. Then, it follows by (1) that % is the A(r,s,t)-transform of x, that is ¥ = (A(r,s,t))x for all x € w. It is
obvious by (2) that A(7,s,?) is a triangle. Moreover, it can easily be seen that A (7, s,¢) is regular if and only if s,_; = o(r,)
foreachi € N, Y7 [sn—itk| = O(|ral|) and (s x1),,/r, = 1 (n — o).

Now, since A(r,s,t) is a triangle, it has a unique inverse which is also a triangle. More precisely, we put D(()S) = 1/sp and

S S0 0 0O ---0
52 51 S0 0

=)

1 53 52 S1 So - 0
(n=1,2,3,...).

Il : R

Sn—1 Sn—2 Sn—3 Sn—4 *** SO

Sn Sn—1 Sn—2 Sn—-3 "+ S
Then, the inverse of A(r,s,t) is the triangle B = (b,); ,_, defined by

) (1" *DY) e /ta;  (0<k<n),

by = 3)
0; (k> n)

for all n,k € N. Therefore, we have by (1) that

] z n— S -
Xy = - Z (-1 kDilkrkxk; (neN). )
n k=0

Recently, Mursaleen and Noman (c.f. [2]) defined the set X (r,s,#) as the matrix domain of the triangle A(r,s,t) in X, that

is
1 n
X(rs,t) = {x— (xx) Ew: x= <r2sn_kthk> GX}. (5)
" k=0 n=0

The space £, (1 < p < ) is a Banach space with the norm
p) 1/p

1 n
- Z Sn—kkXk
Ly

n=

Ixlz, = 151, = (Z
0

For p =2, /, is a Hilbert space under the inner product
(x,y) = (Ax,Ay)

n
where (Ax)(n) = %ﬂ Z Sp—itixi, n € N.
k=0
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The set (b} )::0 where
0; (n<k),
by = (neN) ©)
(=1)"*D) e ftn; (n> k).

Quite recently in [3], authors studied bounded composition and multiplication operators and weighted composition
operators (c.f. [4]) on some Hilbert sequence spaces 61}; (c.f. [1]) which is an special case of 7 p- In this paper, we study

such operators on 7.

2 Composition and multiplication operators

In this section we obtain a condition for bounded composition operators.

Theorem 1. Let T : N — N be a mapping. Then Cr : £, — é_p, 1 < p < oo is bounded if there exist M > 0 such that

#(T7'({n})) <M V neN.

Proof. For x € £,,, consider

| Crx || Z | Z Sn—klkXT (k)

n=0 "k
{i Sn—ilic e |(Sn7ktk)1/q}p

IA

'n

{Z (3= ktk (k)|p(i(w))p/q]

k=0 n

,\
CT‘

IA
s ':1: ng HMg

[:?:

older’s inequality)

Sn—ilk
) e P

n

IN
=
Il
o
T
o

1
(Sn Kk |xT |p Z o

n=k 'n

IN
 agki

~
Il
=}

oo

3 1
<L ZE) ez 17 where L = Sl/ip(sn_ktk)ng;(a < oo

<IMY |y
k=0
— LM | x|

Therefore we conclude that Cr is a bounded operator.

Corollary 1. If T : N — N is a constant function, then Cr is not a bounded operator on Zp_
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Proof. Suppose T : N — N is a constant function. Then 7'(n) = ng V n € N. Take x € £, such that x,, # 0. Then from the
equality

ety = X Lsnestarol
): Ian el |
=% gl
G
n=0

Thus Cr is not bounded operator.

Example 1. Let 7 : N — N be defined by T(n) =n+1 and s, = 1 for each n. Let r, = Y}_ t; = n* for all n. Then, for
any x € £y,

Sn—kl,
ICTXH2 Z Z " r
il |
<k2—<k—1>2>|xk+1|22,74
n=k

=
O
»

IA
™s 1

~
Il
o

I
D18
=
+
S
~~

[\®]

Pl

L
~—
™
|

=0 n=k "
(=] (=] ]
:MZ Ixee1|?,  where M = sup (2k—1) Z T <
k=0 n=k

Hence Cr : ¢, — £, is a bounded operator, that is, the unilateral shift operator is a bounded operator on /,,.

In the next result we consider the multiplication operators.

Theorem 2. Let 0 : N — C be a bounded function . Then Mg : £, — 1 p is a bounded operator.

Proof. Suppose 8 is a bounded function. Then 3 M > 0 such that

0(n)| <M YV neN.
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For x € £, consider

N klk
| Mox Hp = Z =0 (kx|
n=0 k=0 n

2”” (1P el

'n

Sn—k
1|6 (k I”ka\”Z o

'n

=
~0i=
)
§M”L2|xk|”, whereL—supth Sk
k=0 n=k 'n

=MPL | x|?.

1
Hence || Mgx ||<7 || x || where t = ML? This proves that My is a bounded operator.

3 Weighted composition operators

Now, we study the weighted composition operators.
Theorem 3. Let w: N — C and T : N — N be two mappings. If there exists M > O such that

Z lwm)|P <M V k€N,
meT~1(k)

then My, 1 : £, — é_p is a bounded operator.

Proof. For x € £, consider

S ktk
(| My, rx || Z Z == w(k)xrl?
n=0 k=

<ZZ”” (k) -7 17

n=0 k= 'n

= Zlk\w(kﬂp\xnkﬂp Z %
— _ n
S

= Z W (m) [P [y [P ) =2
n=m "N

r

<L Z [w(m)|? |[xp(m)|? where L = suptm Z
m=0 n=m Tn
=LY () [wk)")xm|”
m=0 keT—1(m)
<MLY. |[f(m)
m=0
=LM || x|l [}

1
Hence || My, 7x ||[<t | x||, V x € £, where = (LM)?r. This proves that M,, r is a bounded operator.
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