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Abstract: The idea of sequence spaces of generalized means has recently been introduced by Mursaleen and Noman [2]. In this paper,
we study bounded weighted composition operators on some Hilbert sequence spaces of generalized means.
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1 Introduction and preliminaries

By w, we denote the space of all complex sequences. If x ∈ w, then we simply write x = (xk) instead of x = (xk)
∞
k=0.

Also, we write ϕ for the set of all finite sequences that terminate in zeros. Further, we shall use the conventions that
e = (1,1,1, . . .) and e(k) is the sequence whose only non-zero term is 1 in the kth place for each k ∈ N, where
N= {0,1,2, . . .}.

Any vector subspace of w is called a sequence space. We shall write ℓ∞, c and c0 for the sequence spaces of all bounded,
convergent and null sequences, respectively. Further, by ℓp (1 ≤ p < ∞), we denote the sequence space of all
p-absolutely convergent series, that is ℓp = {x = (xk) ∈ w : ∑∞

k=0 |xk|p < ∞}. The spaces ℓ∞, c and c0 are Banach spaces
with the usual sup-norm given by ∥x∥∞ = supk |xk|. Also, the space ℓp (1 ≤ p < ∞) is a Banach space with the usual
ℓp-norm defined by ∥x∥p = (∑∞

k=0 |xk|p)1/p.

For p = 2, ℓ2 is the Hilbert space under the inner product defined as

⟨x,y⟩=
∞

∑
n=0

xnȳn ∀ x,y ∈ ℓ2.

Throughout this paper, let U and Uo be the following sets of sequences

U = {u = (uk) ∈ w : uk ̸= 0 for all k} and U0 = {u = (uk) ∈ w : u0 ̸= 0}.

Let r, t ∈ U and s ∈ Uo. For any sequence x = (xn) ∈ w, we define the sequence x̄ = (x̄n) of generalized means of x by

x̄n =
1
rn

n

∑
k=0

sn−ktkxk; (n ∈ N), (1)
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that is x̄n = (s∗ tx)n/rn for all n ∈ N. Further, we define the infinite matrix Ā(r,s, t) of generalized means by

(Ā(r,s, t))nk =


sn−ktk/rn ; (0 ≤ k ≤ n),

0; (k > n),
(2)

for all n,k ∈ N. Then, it follows by (1) that x̄ is the Ā(r,s, t)-transform of x, that is x̄ = (Ā(r,s, t))x for all x ∈ w. It is
obvious by (2) that Ā(r,s, t) is a triangle. Moreover, it can easily be seen that Ā(r,s, t) is regular if and only if sn−i = o(rn)

for each i ∈ N, ∑n
k=0 |sn−ktk|= O(|rn|) and (s∗ t)n/rn → 1 (n → ∞).

Now, since Ā(r,s, t) is a triangle, it has a unique inverse which is also a triangle. More precisely, we put D(s)
0 = 1/s0 and

D(s)
n =

1
sn+1

0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

s1 s0 0 0 · · · 0
s2 s1 s0 0 · · · 0
s3 s2 s1 s0 · · · 0
...

...
...

...
...

sn−1 sn−2 sn−3 sn−4 · · · s0

sn sn−1 sn−2 sn−3 · · · s1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
; (n = 1,2,3, . . .).

Then, the inverse of Ā(r,s, t) is the triangle B̄ = (b̄nk)
∞
n,k=0 defined by

b̄nk =


(−1)n−kD(s)

n−krk/tn ; (0 ≤ k ≤ n),

0; (k > n)
(3)

for all n,k ∈ N. Therefore, we have by (1) that

xn =
1
tn

n

∑
k=0

(−1)n−kD(s)
n−krkx̄k; (n ∈ N). (4)

Recently, Mursaleen and Noman (c.f. [2]) defined the set X(r,s, t) as the matrix domain of the triangle Ā(r,s, t) in X , that
is

X(r,s, t) =

{
x = (xk) ∈ w : x̄ =

(
1
rn

n

∑
k=0

sn−ktkxk

)∞

n=0

∈ X

}
. (5)

The space ℓ̄p (1 ≤ p < ∞) is a Banach space with the norm

∥x∥ℓ̄p
= ∥x̄∥ℓp

=

(
∞

∑
n=0

∣∣∣∣∣ 1
rn

n

∑
k=0

sn−ktkxk

∣∣∣∣∣
p)1/p

.

For p = 2, ℓ̄2 is a Hilbert space under the inner product

⟨x,y⟩= ⟨Λx,Λy⟩

where (Λx)(n) = 1
rn

n

∑
k=0

sn−ktkxk, n ∈ N.
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The set (b(k)n )
∞
n=0 where

b(k)n =


0; (n < k),

(n ∈ N)

(−1)n−kD(s)
n−krk/tn ; (n ≥ k).

(6)

Quite recently in [3], authors studied bounded composition and multiplication operators and weighted composition
operators (c.f. [4]) on some Hilbert sequence spaces ℓλ

p (c.f. [1]) which is an special case of ℓ̄p. In this paper, we study
such operators on ℓ̄p.

2 Composition and multiplication operators

In this section we obtain a condition for bounded composition operators.

Theorem 1. Let T : N → N be a mapping. Then CT : ℓp → ℓ̄p,1 ≤ p < ∞ is bounded if there exist M > 0 such that

♯(T−1({n}))≤ M ∀ n ∈ N.

Proof. For x ∈ ℓp, consider

∥CT x ∥p
ℓ̄p
=

∞

∑
n=0

| 1
rn

n

∑
k=0

sn−ktkxT (k)|p

≤
∞

∑
n=0

[ n

∑
k=0

(
sn−ktk

rn
)1/p|xT (k)|(

sn−ktk
rn

)1/q
]p

≤
∞

∑
n=0

[ n

∑
k=0

(
sn−ktk

rn
)|xT (k)|p(

n

∑
k=0

(
sn−ktk

rn
))p/q

]
(by Holder’s inequality)

≤
∞

∑
n=0

n

∑
k=0

(
sn−ktk

rn
)|xT (k)|p

≤
∞

∑
k=0

(sn−ktk)|xT (k)|p
∞

∑
n=k

1
rn

≤ L
∞

∑
k=0

|xT (k)|p, where L = sup
k
(sn−ktk)

∞

∑
n=k

1
rn

< ∞

= L
∞

∑
k=0

∑
m∈T−1(k)

|xT (m)|p

= L
∞

∑
k=0

∑
m∈T−1(k)

|xk|p

≤ LM
∞

∑
k=0

|xk|p

= LM ∥ x ∥p
p .

Therefore we conclude that CT is a bounded operator.

Corollary 1. If T : N → N is a constant function, then CT is not a bounded operator on ℓ̄p.
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Proof. Suppose T : N→N is a constant function. Then T (n) = n0 ∀ n ∈N. Take x ∈ ℓ̄p such that xn0 ̸= 0. Then from the
equality

∥CT x ∥p
ℓ̄p
=

∞

∑
n=0

| 1
rn

n

∑
k=0

sn−ktkxT (k)|p

=
∞

∑
n=0

1
rp

n
|

n

∑
k=0

sn−ktkxn0 |
p

=
∞

∑
n=0

1
rp

n
|rnxn0 |

p

=
∞

∑
n=0

|xn0 |
p

= ∞

Thus CT is not bounded operator.

Example 1. Let T : N → N be defined by T (n) = n+ 1 and sn = 1 for each n. Let rn = ∑n
k=0 tk = n2 for all n. Then, for

any x ∈ ℓ2,

∥CT x ∥2
ℓ̄p
=

∞

∑
n=0

|
n

∑
k=0

sn−ktk
rn

xT (k)|2

≤
∞

∑
k=0

(k2 − (k−1)2)|xk+1|2
∞

∑
n=k

1
n4

=
∞

∑
k=0

|xk+1|2(2k−1)
∞

∑
n=k

1
n4

= M
∞

∑
k=0

|xk+1|2, where M = sup
k
(2k−1)

∞

∑
n=k

1
n4 < ∞

= M ∥ x ∥2 .

Hence CT : ℓ2 → ℓ̄p is a bounded operator, that is, the unilateral shift operator is a bounded operator on ℓ̄p.

In the next result we consider the multiplication operators.

Theorem 2. Let θ : N →C be a bounded function . Then Mθ : ℓp → ℓ̄p is a bounded operator.

Proof. Suppose θ is a bounded function. Then ∃ M > 0 such that

|θ(n)| ≤ M ∀ n ∈ N.
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For x ∈ ℓp, consider

∥ Mθ x ∥p
ℓ̄p
=

∞

∑
n=0

|
n

∑
k=0

sn−ktk
rn

θ(k)xk|p

≤
∞

∑
n=0

n

∑
k=0

sn−ktk
rn

|θ(k)|p|xk|p

=
n

∑
k=0

tk|θ(k)|p|xk|p
∞

∑
n=k

sn−k

rn

≤ MpL
∞

∑
k=0

|xk|p, where L = sup
k

tk
∞

∑
n=k

sn−k

rn
< ∞

= MpL ∥ x ∥p .

Hence ∥ Mθ x ∥≤ t ∥ x ∥ where t = ML
1
p This proves that Mθ is a bounded operator.

3 Weighted composition operators

Now, we study the weighted composition operators.

Theorem 3. Let w : N →C and T : N → N be two mappings. If there exists M > 0 such that

∑
m∈T−1(k)

|w(m)|p ≤ M ∀ k ∈ N,

then Mw,T : ℓp → ℓ̄p is a bounded operator.

Proof. For x ∈ ℓp, consider

∥ Mw,T x ∥p
ℓ̄p
=

∞

∑
n=0

|
n

∑
k=0

sn−ktk
rn

w(k)xT (k)|p

≤
∞

∑
n=0

[
n

∑
k=0

sn−ktk
rn

|(w(k)|.|xT (k)|]p

=
∞

∑
k=0

tk|w(k)|p|xT (k)|p
∞

∑
n=k

sn−k

rn

=
∞

∑
m=0

tm|w(m)|p|xT (m)|p
∞

∑
n=m

sn−k

rn

≤ L
∞

∑
m=0

|w(m)|p|xT (m)|p where L = sup
m

tm
∞

∑
n=m

sn−k

rn
< ∞

= L
∞

∑
m=0

( ∑
k∈T−1(m)

|w(k)|p)|xm|p

≤ ML
∞

∑
m=0

| f (m)|p

= LM ∥ x ∥ |pp.

Hence ∥ Mw,T x ∥≤ t ∥ x ∥p ∀ x ∈ ℓp, where t = (LM)
1
p . This proves that Mw,T is a bounded operator.
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