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Abstract: In this paper we have introduced some classes of new sequence spaces F cI(r,M,A, p),F cI
0(r,M,A, p),F lI

∞(r,M,A, p) of
fuzzy numbers using the notion of rough I-convergence. We study some basic topological and algebraic properties of these spaces. We
also investigate some inclusion relations related to these spaces.
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1 Introduction

The notion of I-convergence was initially introduced by Kostyrko et. al. [7] as a generalization of statistical convergence

[4]. Later on it was further investigated from the sequence space point of view and linked with the summability theory

by Salat [13], Tripathy and Hazarika [18,19], Tripathy and Mahanta [20], Tripathy and Dutta [17], Tripathy et.al. [23],

Savas [15], Savas and Das [14], Kumar [6] and many others. The idea of rough convergence was introduced by Phu [11],

who also introduced the concepts of rough limit points and roughness degree. The idea of rough convergence occurs very

naturally in numerical analysis and has interesting applications. Aytar [1] extended the idea of rough convergence into

rough statistical convergence using the notion of natural density just as usual convergence was extended to statistical

convergence. Pal et.al. [10] extended the notion of rough convergence using the concept of ideals which automatically

extends the earlier notions of rough convergence and rough statistical convergence. In this paper we have introduced

some Orlicz sequence spaces of fuzzy number using the notion of rough I- convergence and studied some algabraic and

topological properties of these spaces.

2 Definitions and preliminaries

Let X be a non-empty set. Then a family of sets I ⊂ 2X is said to be an ideal if I is additive, i.e, A,B ∈ I ⇒ A∪B ∈ I and

hereditary i.e. A ∈ I,B ⊂ A ⇒ B ∈ I.

A non-empty family of sets F ⊂ 2X is said to be a filter on X iff
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(i) Φ /∈ F

(ii) for all A,B ∈ F ⇒ A∩B ∈ F

(iii) A ∈ F ,A ⊂ B ⇒ B ∈ F .

An ideal I ⊂ 2X is called non-trivial if I ̸= 2X . A non-trivial ideal I is called admissible iff I ⊃ {{x} : x ∈ X}. A non-trivial

ideal I is maximal if there does not exist any non-trivial ideal J ̸= I, containing I as a subset. For each ideal I there is

a filter F(I) corresponding to I i.e F(I) = {K ⊆ N : Kc ∈ I}, where Kc = N −K. Throughout w denotes the class of all

sequences.

Definition 1. A sequence (xk) ∈ w is said to be I- convergent to a number L if for every ε > 0 , {k ∈ N : |xk −L|> ε} ∈ I

and we write I − limXk = L.

Definition 2. A sequence (xk) ∈ w is said to be I- null if for every ε > 0, {k ∈ N : |xk|> ε} ∈ I and we write I− limxk = 0.

Definition 3. A sequence (xk) ∈ w is said to be I- bounded if there exists M > 0 such that {k ∈ N : |xk|> M} ∈ I

An Orlicz function M is a continuous, convex, non-decreasing function defined for x > 0 such that M(0) = 0, M(x) > 0

and M(x)→ ∞as x → ∞. If the convexity of Orlicz function is replaced by M(x+ y)≤ M(x)+M(y), then this function is

called modulus function. An Orlicz function M is said to satisfy △2-condition for all values of u, if there exists K > 0

such that M(2u) ≤ KM(u),u ≥ 0. Let M be an Orlicz function which satisfies △2-condition and let 0 < δ < 1. Then for

each t ≥ δ , we have M(t) < Kδ−1tM(2) for some constant K > 0. Two Orlicz functions M1 and M2 are said to be

equivalent if there exists positive constants α , β and x0 such that αM1(x)≤ M2(x)≤ βM1(x), for all 0 ≤ x < x0.

Lindenstrauss and Tzafriri [8] studied some Orlicz type sequence spaces defined as follows:

lM = {(xk) ∈ w : ∑M(
|xk|
ρ

)< ∞, f orρ > 0}

The space lM with the norm

∥x∥= in f{ρ > 0 : ∑M(
|xk|
ρ

)≤ 1},

becomes a Banach space which is called an Orlicz sequence space. The space lM is closely related to lp which is an

Orlicz sequence space with M(t)=|t|p, for 1 ≤ p < ∞.

Different classes of Orlicz sequence spaces were introduced and studied by Parasar and Choudhury [9], Esi and Et [3],

Tripathy and Hazarika [18], Debnath and Debnath [2], Tripathy and Mahanta [21], Tripathy and Sarma [22] and many

others.

Let p = (pk) be any sequence of positive real numbers with 0 ≤ pk ≤ sup pk = G and D = max{1,2G−1}. Then

|ak +bk|pk ≤ D(|ak|pk + |bk|pk) for all k ∈ N and ak,bk ∈C. Also |a|pk ≤ max{1, |a|G} for all a ∈C.

Now we give a brief introduction about the algebra of fuzzy real numbers. Let D be the set of all closed and bounded
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intervals X = [x1,x2] on the real line R. For X ,Y ∈ D we define X ≤ Y iff x1 ≤ y1 and x2 ≤ y2. d(X ,Y )=

max{|x1 − y1|, |x2 − y2|} where X = [x1,x2] and Y = [y1,y2]. Then it can be shown that (D,d) is a complete metric space.

Also the relation ′ <′ is a partial order relation on D. A fuzzy number X is a fuzzy subset of the real line R, i.e, a mapping

X : R → I = [0,1] associating each real number t with its grade of membership X(t). A fuzzy number X is normal if there

exists t0 ∈ R such that X(t0) = 1. A fuzzy number X is upper semi-continuous if for each ε > 0 , X−1([0,a+ ε)) is open

in the usual topology for all a ∈ [0,1).

Let R(I) denote the set of all fuzzy numbers which are upper semi-continuous and have a compact support ,i.e, if

X ∈ R(I) then for any α ∈ [0,1], [X ]α is compact where [X ]α = {t ∈ R : X(t)≥ α}.

The set R of all real numbers can be embedded into R(I) if we define r̄(t)=

{
1 for r ̸= 0

0 for r = 0
.

The additive identity and multiplicative identity of R(I) are 0̄ and 1̄ respectively. The arithmetic operators on R(I) are

defined as follows;

Let X ,Y ∈ R(I) and the α-level set [X ]α = [Xα
1 ,Xα

2 ] and [Y ]α = [Y α
1 ,Y α

2 ] and α ∈ [0,1]. Then we define

[X ⊕Y ]α = [Xα
1 +Y α

1 ,Xα
2 +Y α

2 ]

[X ⊖Y ]α = [Xα
1 −Y α

1 ,Xα
2 −Y α

2 ]

[X ⊗Y ]α = (min{Xα
i Y α

i },max{Xα
i Y α

i }), i = 1,2

[X−1]α = [(Xα
2 )−1,(Xα

1 )−1],Xα
i > 0 for all α ∈ [0,1].

For r ∈ R and X ∈ R(I), the product rX is defined as

rX(t) =

{
X(r−1t), for r ̸= 0

0, for r = 0
.

The absolute value|X |(t) is defined by

|X |(t) =

{
max{X(t),X(−t)}, for t > 0

0, for t ≤ 0
.

Let us define a mapping d : R(I)×R(I)−→ R+∪
{0} by d(X ,Y )=supd([X ]α , [Y ]α)

It can be shown that (R(I),d) is a complete metric space.

Definition 4. [22] A sequence of fuzzy numbers X = (Xk) is said to converge to a fuzzy number X0 if for every ε > 0

there exists a positive integer n0 such that d(Xk,X0)< ε for all n > n0.

Definition 5. [22] A sequence of fuzzy numbers X = (Xk) is said to be bounded if the set {Xk : k ∈ N} of fuzzy number is

bounded.
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Definition 6. [19] A sequence of fuzzy numbers X = (Xk) is said to be I − convergent to a fuzzy number X0 if for each

ε > 0,A(ε) = {k ∈ N : d(Xk,X0)> ε} ∈ I.

The fuzzy number X0 is called the I − limit of the sequence (Xk) of fuzzy number and we write I − limXk = X0.

Definition 7. [19] A sequence of fuzzy numbers X = (Xk) is said to be I−bounded if ∃ M > 0 such that {k ∈N : d(Xk,0)>

M} ∈ I.

Let wF denote the collection of all sequences of fuzzy numbers. Then we can give the following definition.

Definition 8. A sequence space EF is said to be solid (or normal) if (Yk) ∈ EF whenever (Xk) ∈ EF and |Yk| ≤ |Xk| for all

k ∈ N.

Definition 9. A sequence space EF is said to be symmetric if (Xk) ∈ EF ⇒ (Xπ(k)) ∈ EF where π is a permutation of N.

Definition 10. A sequence space EF is said to be monotone if EF contains the canonical pre image of all its step spaces.

Definition 11. [11] A sequence (xk) is said to be rough convergent (r-convergent) to x0 if for every ε > 0 there exists a

positive integer n0 such that ||xk −x0||< r+ε for all n > n0, where r is a non negative real number called the convergence

degree.

Definition 12. [10] A sequence (xk) is said to be rough I-convergent to (x0) if for each

ε > 0,{k ∈ N : ||xk − x0||> r+ ε} ∈ I.

Here x0 is called the rough I − limit of the sequence (xk) and we write Ir − limxk = x0.

Example 1. (a) Let I = I f = {A ⊆ N: A is finite}.Then I f is non trivial admissible ideal of N and the corresponding

convergence coincides with ordinary convergence.

(b) Let I = Iδ = {A ⊆ N : δ (A) = 0} where δ (A) denotes the asymptotic density of A. Then Iδ is a non-trivial

admissible ideal of N and the corresponding convergence coincide with statistical convergence.

We procure the following well known result:

Lemma 1. A sequence space EF is normal implies that it is monotone.

3 Some new classes of sequence spaces of fuzzy numbers

In this section we introduce some new sequence spaces of fuzzy numbers using the notion of rough ideal convergence and

also study some properties of these spaces.

Definition 13. A sequence of fuzzy numbers X = (Xk) is said to be rough convergent (r-convergent) to a fuzzy number X0

if for every ε > 0 there exists a positive integer n0 such that d(Xk,X0) < r+ ε for all n > n0, where r̄ is a non-negative

real number called the roughness degree.

Definition 14. A sequence of fuzzy numbers X = (Xk) is said to be rough statistical convergent to a fuzzy number X0 if for

each ε > 0,δ ({k ∈ N : d(Xk,X0)> r+ ε}) = 0.
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Definition 15. A sequence of fuzzy numbers X = (Xk) is said to be rough I-convergent to a fuzzy number X0 if for each

ε > 0,{k ∈ N : d(Xk,X0)> r+ ε} ∈ I.

The fuzzy number X0 is called the rough I − limit of the sequence (Xk) of fuzzy number and we write Ir − limXk = X0.

Let M = (Mk) be a sequence of Orlicz functions , A = (aik) be an infinite matrix and X = (Xk) be a sequence of fuzzy

numbers. We write AX=(Ak(X)) if Ak(X) =∑k aikXk converges for each i.

We define the following sequence spaces as follows:

F cI(r,M,A, p) = {(Xk) ∈ wF : {k ∈ N :
∞

∑
k=1

[Mk(
d̄(Ak(X), L̄)

ρ
)]pk ≥ r+ ε} ∈ I f or some ρ > 0 and L̄ ∈ R(I)}.

F cI
0(r,M,A, p) = {(Xk) ∈ wF : {k ∈ N :

∞

∑
k=1

[Mk(
d̄(Ak(X), 0̄)

ρ
)]pk ≥ r+ ε} ∈ I f or some ρ > 0 and L̄ ∈ R(I)}.

F lI
∞(r,M,A, p) = {(Xk) ∈ wF : {k ∈ N :

∞

∑
k=1

[Mk(
d̄(Ak(X), L̄)

ρ
)]pk ≥ r+K} ∈ I f or some ρ > 0,K > 0 and L̄ ∈ R(I)}.

F l∞(M,A, p) = {(Xk) ∈ wF : {n ∈ N : supk

∞

∑
k=1

[Mk(
d̄(Ak(X), 0̄)

ρ
)]pk < ∞}}.

From definition it is obvious that F cI
0(r,M,A, p)⊂ F cI(r,M,A, p)⊂F lI

∞(r,M,A, p)⊂F l∞(M,A, p)

Few special cases of the above spaces are as follows.

(i) If Mk(x) = x for all k ∈ N, then the above classes of sequences are denoted by F cI(r,A, p),F cI
0(r,A, p),F lI

∞(r,A, p)

respectively.

(ii) If p = (pk) = (1,1,1, .....) then we denote the above spaces by F cI(r,M,A),F cI
0(r,M,A),F lI

∞(r,M,A) respectively.

(iii) If we take A = (C,1), i.e., the Cesaro matrix, then the above classes of sequences are denoted by

F cI(r,w,M, p),F cI
0(r,w,M, p),F lI

∞(r,w,M, p)

(iv) If we take A=(ank) is a de la Valeepoussin mean, i.e.,ank=

{
1

λn
for kεIn = [n−λn +1,n]

0 otherwise
where (λn) is a non-decreasing sequence of positive numbers tending to ∞and λn+1 ≤λn + 1, λ1 = 1, then the

above classes of sequences are denoted by F cI
λ (r,M, p),F cI

λ (r,M, p)0,F lI
λ (r,M, p)∞ respectively.

(v) If r = 0, we get F cI(M,A, p),F cI
0(M,A, p),F lI

∞(M,A, p) respectively.

Theorem 1. The spaces F cI(r,M,A, p),F cI
0(r,M,A, p),F lI

∞(r,M,A, p) are linear space.
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Proof. Let X = (Xk) and Y = (Yk) be any two elements of F cI(r,M,A, p) and α ,β be any scalar. Then

A(ε) = {k ∈ N :
∞

∑
k=1

[Mk(
d̄(Ak(X), L̄)

ρ
)]pk ≥ r+ ε} ∈ I.

B(ε) = {k ∈ N :
∞

∑
k=1

[Mk(
d̄(Ak(Y ), L̄)

ρ
)]pk ≥ r+ ε} ∈ I.

By the continuity of the sequence M = (Mk) the following inequality holds:

n

∑
k=1

[Mk(
d̄(Ak(aX +bY ), 0̄)

|a|ρ1 + |b|ρ2
)]pk ≤ DK

n

∑
k=1

[Mk(
d̄(Ak(X), 0̄)

ρ1
)]pk +DK

n

∑
k=1

[Mk(
d̄(Ak(Y ), 0̄)

ρ2
)]pk

≤ D
n

∑
k=1

[
|a|

|a|ρ1 + |b|ρ2
Mk(

d̄(Ak(X), 0̄)
ρ1

)]pk +D
n

∑
k=1

[
|b|

|a|ρ1 + |b|ρ2
Mk(

d̄(Ak(Y ), 0̄)
ρ1

)]pk

where K = max{1, |a|
|a|ρ1+|b|ρ2

, |b|
|a|ρ1+|b|ρ2

}.

From the above relation we get the following:

{k ∈ N :
∞

∑
k=1

[Mk(
d̄(Ak(aX +bY ), 0̄)

|a|ρ1 + |b|ρ2
)]pk ≥ r+

ε
2
} ⊆

{k ∈ N :
∞

∑
k=1

DK[Mk(
d̄(Ak(X), 0̄)

ρ1
)]pk ≥ r+

ε
2
}

∪
{k ∈ N :

∞

∑
k=1

DK[Mk(
d̄(A(Y ), 0̄)

ρ2
)]pk ≥ r+

ε
2
}

This completes the proof.

Theorem 2. The space F cI(r,M,A, p),F cI
0(r,M,A, p),F lI

∞(r,M,A, p) are paranormed spaces (not totally paranormed)

with the paranorm g defined by:

g(x) = in f{ρ
pk
H : supkMk(

d̄(Ak(X),0̄)
ρ )≤ r, for ρ > 0}, where H = max{r,supk pk}.

Proof. We prove the result forF lI
∞(r,M,A, p)only. The others can be proved similarly.

It is obvious that g(0) = 0, g(−x) = g(x) and it can be easily shown that g(x+ y)≤ g(x)+g(y).

Let tn → t, where tn, t ∈ R(I) and let g(xn − x)→ 0, as n → ∞. To prove that g(tnxn − tx)→ 0, as n → ∞. We put

A = {ρ1 > 0 : supk[Mk(
d̄(Ak(X), 0̄)

ρ1
)]pk ≤ r}

and

B = {ρ2 > 0 : sup
k
[Mk(

d̄(Ak(x), 0̄)
ρ2

)]pk ≤ r}

By the continuity of the sequence M = (Mk) we observe that
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Mk(
d̄(Ak(tnXn − tX), 0̄)
|tn − t|ρ1 + |t|ρ2

)≤ Mk(
d̄(Ak(tnXn − tXn), 0̄)
|tn − t|ρ1 + |t|ρ2

)+Mk(
d̄(Ak(tXn − tX), 0̄)
|tn − t|ρ1 + |t|ρ2

)

≤ |tn − t|ρ1

|tn − t|ρ1 + |t|ρ2
Mk(

d̄(Ak(Xn), 0̄)
ρ1

)+
|t|ρ2

|tn − t|ρ1 + |t|ρ2
Mk(

d̄(Ak(Xn −X), 0̄)
ρ2

)

From the above inequality it follows that

supk[Mk(
d̄(Ak(tnXn − tX), 0̄)
|tn − t|ρ1 + |t|ρ2

)]pk ≤ r

and hence

g(tnXn − tX) = in f{(|tn − t|ρ1 + |t|ρ2)
pk
H : ρ1 ∈ A,ρ2 ∈ B}

≤ (|tn − t|)
pk
H in f{ρ

pk
H

1 : ρ1 ∈ A}+(|t|)
pk
H in f{ρ

pk
H

2 : ρ2 ∈ B}

≤ max{|tn − t|,(|tn − t|)
pk
H }g(Xn)+max{|t|,(|t|)

pk
H }g(Xn −X).

As g(Xn) ≤ g(X)+g(Xn −X) for all n ∈ N, hence our assumption the right hand side of the above relation tends to zero

as n → ∞. This completes the proof.

Proposition 1. Let M = (Mk) and N = (Nk) be sequences of Orlicz functions. Then the following hold:

(i) F cI
0(N,A, p)⊆F cI

0(MoN,A, p), provided p = (pk) such that G0 = in f pk > 0.

(ii) F cI
0(M,A, p)

∩
F cI

0(N,A, p)⊆F cI
0(M+N,A, p)

Theorem 3. The spaces F cI(r,M,A, p),F cI
0(r,M,A, p) are normal and monotone.

Proof. Let X = (Xk) ∈ cI
0(r,M,A, p) and Y = (Yk) be such that d̄(Yk, 0̄)≤ d̄(Xk, 0̄). Then for ε > 0,

{k ∈ N :
∞

∑
k=1

[Mk(
d̄(A(X), 0̄)

ρ
)]pk ≥ r+ ε}

⊇ {k ∈ N :
∞

∑
k=1

[Mk(
d̄(Ak(Y ), 0̄)

ρ
)]pk ≥ r+ ε} ∈ I

Then the result follows from the above relation. Thus the space F cI
0(r,M,A, p) is normal and hence monotone by lemma

2.14. Similarly for the other.

Proposition 2. If I is neither maximal nor I = I f then the spaces F cI(r,M,A, p),F cI
0(r,M,A, p) are not symmetric in

general.

Theorem 4. The spaces F cI(r,M,A, p),F cI
0(r,M,A, p) are sequence algebra.
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Let X = (Xk) and Y = (Yk) be any element of F cI(r,M,A, p). Let ε > 0 be given. Then

A(ε) = {k ∈ N :
∞

∑
k=1

[Mk(
d̄(Ak(X), L̄)

ρ
)]pk ≥ r+ ε} ∈ I.

B(ε) = {k ∈ N :
∞

∑
k=1

[Mk(
d̄(Ak(Y ), L̄)

ρ
)]pk ≥ r+ ε} ∈ I.

C(ε) = {k ∈ N :
∞

∑
k=1

[Mk(
d̄(Ak(X ⊗Y ), L̄)

ρ
)]pk ≥ r+ ε} ∈ I.

Now it can be easily shown that C(ε)⊂ A(ε1)
∪

B(ε2) and C(ε) ∈ F cI(r,M,A, p).

Theorem 5. The spaces F cI(r,M,A, p),F cI
0(r,M,A, p) are not convergence free in general.

Proof. Proof is easy, so omitted.
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