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Abstract: Recently, researches have contributed a lot towards fuzzification of Soft Set Theory. In this paper, we introduce the
topological structure of fuzzyfying soft sets called fuzzy parametrized fuzzy soft sets. We define the notion of quasi-coincidence for
fuzzy parametrized fuzzy soft sets and investigated basic properties of it. We study the closure, interior, base, continuity and
compactness in the content of fuzzy parametrized fuzzy soft topological spaces.
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1 Introduction

In 1965, Zadeh [32] generalized the usual notion of a set with the introduction of fuzzy set. The theory of fuzzy set has
been successfully applied to many areas such as many real life problems in uncertain, ambiguous environment. Chang

[15] defined the fuzzy topology and introduced many topological notions in fuzzy setting, in 1968.

In 1999, Molodtsov [26] introduced the soft set theory which is a new approach for modelling uncertainty and presented
that soft set can be applied to several areas, such as game theory, perron integrations, smoothness of functions and so on.
Many researchers successfully improved the theory by applying this concept on topological spaces (e.g. [6,7,19,27,33]),
group theory, ring theory (e.g. [1,2,14,17,21]), and also decision making problems (e.g. [12,13,16,23]).

Recently, researchers have combined fuzzy set and soft set to generalize the spaces and to solve more complicated
problems. By this way, many interesting applications of soft set theory have been expanded. First combination of fuzzy
set and soft set is fuzzy soft set and it was given by Maji and et al [24]. Then fuzzy soft set theory has been applied in
several directions, such as topology (e.g. [3,5,29,30]), various algebraic structures (e.g. [4,20]) and especially decision
making (e.g. [18,22,28,31]). Second combination of fuzzy set and soft set was given by Cagman and et al. [8] and called
it as fuzzy parametrized soft set (as shortly FPS set). In that paper, Cagman and et al. defined operations on FPS sets and
improved several results. After that, Cagman and Deli [9, 11] applied FPS sets to define some decision making methods
and applied these methods to problems that contain uncertainties and fuzzy object. The third and the last one was also
given by Cagman and et al. [10] and it is called fuzzy parametrized fuzzy soft set (as shortly FPFS set). Then they

defined operations on FPFS sets and improved an method to solve some decision making problems.

In the present paper, we consider the topological structure of FPFS sets. Firstly, we give some basic ideas of FPFS sets

and also studied results. We define FPFS quasi-coincidence, as a generalization of quasi-coincidence in fuzzy manner

© 2016 BISKA Bilisim Technology * Corresponding author e-mail: seatmaca@cumhuriyet.edu.tr



(_/
143 BISKA I. Zorlutuna and S. Atmaca: Fuzzy parametrized fuzzy soft topology

[25] and use this notion to characterize concepts of FPFS closure and FPFS base in FPFS topological spaces. We also
introduce the notion of mapping on FPFS classes and investigate the properties of FPFS images and FPFS inverse images
of FPFS sets. We define FPFS topology in Chang’s sense. We study the FPFS closure and FPFS interior operators and
properties of these concepts. Lastly we define FPFS continuous mappings and we show that image of a FPFS compact

space is also FPFS compact.

This paper is the fundamental study on FPFS topological spaces. One can use results deducted from this paper in the

theory topological structures.

2 Preliminaries

Throughout this paper X denotes initial universe, £ denotes the set of all possible parameters which are attributes,

characteristic or properties of the objects in X, and the set of all subsets of X will be denoted by P(X).

Definition 1. [32] A function A from X to unit interval [0, 1] is called fuzzy set in X. For every x € A, U (x) is called the
grade of membership of x in A. A fuzzy point in X, whose value is @ (0 < a < 1) at the support x € X, is denoted by x¢. A
fuzzy point xo € A, where A is fuzzy set in X iff @ < Ua(x). A is called empty fuzzy set if ua(x) = 0 for all x € X, denoted
by 0. If ua(x) = 1 for all x € X, A is denoted by 1.

Definition 2. [26] A pair (F,E) is called a soft set over X if F is a mapping defined by F : E — P(X).

In the other words, a soft set is a parametrized family of subsets of the set X. For each e € E, the set F(e) may be
considered as the set of e-elements of the soft set (F,E).

Definition 3. [10] Let A be a fuzzy set over E. A fuzzy parametrized fuzzy soft set (FPFS) Fy on the universe X is defined

as follows:
Fy= {(:uA(e)/eva(e)) rec E7fA(e) € IX,[.LA(e) € [07 1””

where the function fy : E — IX is called approximate function of Fy such that fs(e) = 0 if 4 (e) = 0.
From now on, the set of all FPFS sets over X will be denoted by FPFS(X,E).
Definition 4. [10] Let Fy € FPFS(X,E).

(1) Fy is called the empty FPFS set if ua(e) = 0 and fa(e) = 0 for all every e € E, denoted by Fy.
(2) Fy is called A-universal FPFS set if s (e) = 1 and fa(e) =1 for all e € A, denoted by F;.
IfA=E, then A-universal FPFS set is called universal FPFS set, denoted by Fy.

Definition 5. [10] Let Fy,Fp € FPFS(X,E).

(1) Fy is called a subset of Fg if A < B and fx(e) < f(e) for every e € E and we write FyC Fp.

(2) F4 and Fy are said to be equal, denoted by Fy = Fg if FsCFg and FgCFy.

(3) The union of Fj and F, denoted by FyUFp, is the FPFS set, defined by the membership and approximate functions
Uaus(e) = max{ua(e), up(e)} and faup(e) = fa(e) Vv gp(e) for every e € E, respectively.

(4) The intersection of Fy and Fg, denoted by FANGag, is the FPFS set, defined by the membership and approximate
Sfunctions panpg(e) = min{ua(e), up(e)} and fang(e) = fa(e) Agp(e) for every e € E, respectively.
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Definition 6. [10] Let Fy € FPFS(X,E). Then the complement of Fy, denoted by F, is the FPFS set, defined by the
membership and approximate functions Uac(e) = 1 — Ua(e) and f5(e) = 1 — fa(e) for every e € E, respectively. Clearly,

(F{)* = Fa, FS=Fy and F§ = Fy.

Proposition 1. [10] Let Fy, Fp and Fc € FPFS(X,E). Then

(1) (FaUFg)¢ = F{NF.

(2) (FaNFg)¢ = F{UF§.

(B) FANFy =Fy, FAUF, = Fy4.

(4) FANFz = F, FANFz = Fy.

(5) FxNFp = FpNFy, Fy\UFg = FpUF}.

(6) FxN(FpNFc) = (FANFg)NFc, FAU(FUF¢) = (FAUFg)UFc.
(7) FAUFz = Fy, FAUF; = F;.

3 Some properties of FPFS sets and FPFS mappings

Definition 7. Let J be an arbitrary index set and Fy, € FPFS(X,E) for alli € J.

(1) The union of Fy,’s, denoted by QFAI., is the FPFS set, defined by the membership and approximate functions
1S
Hua,(e) =sup{ua,(e)} and fia;,(e) = V fa,(e) for every e € E, respectively.
ieJ icl i€J ic)
(2) The intersection of Fy,’s, denoted by ,ﬁ;FA,-, is the FPFS set, defined by the membership and approximate functions
1S
Una;(e) =inf{us (e)} and fra,(e) = /\JfAl.(e)for every e € E, respectively.
il icJ i€l ic

Proposition 2. Let J be an arbitrary index set and Fy; € FPFS(X,E) for all i € J. Then
1) (UFy,)¢ = NFS.

M ( ics A,) ieJ A;

2 Fy)¢ = UFf{.

@) (iQJ Ai) o A

Proof.

(1) Put Fg = (QFAI.)C and Fp = HJFAC Then for all e € E,
i€ i€ ¢
ps(e) =1—pua(e) =1—sup{ua,(e)} =inf{l — i, (e)} = inf{uac (e)} = pcle)
icJ icl ieJ ieJ
and
fo@)=T—fon(@) =TV fa(e)= AT~ fa(€) = Afac(e) = Fracle) = fele).

This completes the proof. The other can be proved similarly

Definition 8. The FPFS set Fy € FPFS(X,E) is called FPFS point if A is a fuzzy point in E and fa(e) is a fuzzy point in
X for e esuppA. If A = {e}, ua(e) = B € (0,1] and fa(e)(x) = a € (0,1], then we denote this FPFS point by efa.

Definition 9. Let efa, Fjy € FPFS(X,E). We say that efa E€F, read as eEa belongs to Fy if B < pa(e) and o < fy(e)(x).

Proposition 3. Every non empty FPFS set Fy can be expresssed as the union of all the FPFS points which belong to Fy.
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Proof. This follows from the fact that any fuzzy set is the union of fuzzy points which belong to it [25].

Definition 10. Ler Fy, Fg € FPFS(X,E). F4 is said to be FPFS quasi-coincident with Fg, denoted by FaqFp, if there
exists e € E such that Us(e) + ug(e) > 1 or there exists x € X such that fs(e)(x)+ fp(e)(x) > 1. If F4 is not FPFS

quasi-coincident with Fp, then we write FyqFp.

Definition 11. Let efa, Fy € FPFS(X,E). efa is said to be FPFS quasi-coincident with Fy, denoted by efaqFA, if B+

Ua(e) > 1ora+ fale)(x) > 1. Ifefa is not FPFS quasi-coincident with Fy, then we write efaqFA.

Proposition 4. Ler F, Fg € FPFS(X,E), Then the following are true.

(1) FACFp < FAgF§.

(2) FrqFp = FyNFp # Fy.

(3) FagFy.

(4) FaqFp <there exists an eEa EFy such that efa qgFp.

(5) Forall eﬁx € FPFS(X,E), efa gFX & efaqFA.

(6) FACFg = If b qFy, then ef qFy for all &, € FPFS(X E).

Proof.

(1) FyCFp < foralle € E,A<Band fy(e) < fz(e)
< foralle € Eandx € X, pa(e) < ug(e) and fy(e)(x) < fg(e)(x)
< foralle € Eandx € X, pa(e) — pup(e) <0and fa(e) — fple) <0
<forallec Eandx € X, ua(e)+1—up(e) < land fa(e)(x)+1— fple)(x) <1
& Fagly.
(2) Let FqqFp. Then there exists an e € E and x € X such that s (e) + ug(e) > 1 or fa(e)(x) + fz(e)(x) > 1. If pa(e) +
ug(e) > 1, then AAB # 0 and the proof is easy. If f4(e)(x) + fz(e)(x) > 1, then fa(e) A fz(e) # 0. Hence FANFp # Fy.
(3) Suppose that FygF. Then there exists e € E and x € X such that pi4 (e) +1—pa(e) > 1 or fa(e)(x)+1— fa(e)(x) > 1.
This is contradiction.
(4) If FyqFp, then there exist an e € E and x € X such that ps(e) + ug(e) > 1 or fa(e)(x) + fz(e)(x) > 1 Put f = ps(e)
and a = f3(e)(x). Then we have ef, €F; and &8 gFy.
Conversely, let efa €F, with efaqFB. Then B < uale), a < fa(e)(x). Since efaqFB, B+ ug(e) > 1 or
o+ f(e)(x) > 1. Therefore, we have pa(e) + ug(e) > 1 or fa(e)(x)+ fp(e)(x) > 1. This shows that FygFp.
(5) Itis obvious from (1).
(6) Let efa, Fjy € FPFS(X,E) and efaqFA. Then B 4 pa(e) > 1 or o+ fa(e)(x) > 1. Since FyCFp, B+ up(e) > 1 or
o+ f(e)(x) > 1. Hence we have egaqFB.
Proposition 5. Let {Fy, : i € J} be a family of FPFS sets in FPFS(X,E) where J is an index set. Then eﬁx is quasi-
coincident with Oig}FAi if and only if there exists some Fy, € {FA,- 21 € J} such that efa qFy,.

Proof. Obvious.

Definition 12. Let FPFS(X,E) and FPFS(Y,K) be families of all FPFS sets over X and Y, respectively. Let u: X —Y
and p : E — K be two functions. Then a FPFS mapping fu, : FPFS(X,E) — FPFS(Y,K) is defined as:
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(1) for Fy € FPFS(X,E), the image of F5 under the f,, is the FPFS set Gs over Y defined by the approximate function,

Vk € K and,
v Vv fa(e)(x), ifu='(y) # @ and p~' (k) NlimsuppA # O;
gs(k)(y) = { xeu'(y) ecp~! (k)NlimsuppA
0, otherwise.

where p(A) = S is fuzzy set in K.
(2) for Gs € FPFS(Y,K), then the pre-image of Gs under the f, is the FPFS set F5 over X defined by the approximate
function, Ve € E. fy(e)(x) = gs(p(e))(u(x)) where A = p~(S) is fuzzy set in E.

If u and p is injective, then the FPFS mapping f,, is said to be injective. If u and p is surjective, then the FPFS mapping

JSup 1s said to be surjective. The FPFS mapping f,, is called constant, if # and p are constant.

Theorem 1. Let X and Y crips sets Fy, Fa, € FPFS(X,E), Gs, Gs, € FPFS(Y,K) Vi € J, where J is an index set. Let
fup 1 FPFS(X,E) — FPFS(Y,K) be a FPFS mapping. Then,

(1) If Fa,CFy, then fu,(Fa,)C fup(Fa,)-
(2) If Gs, CGs, then £, (Gs,)C £, (Gs,).
(3) Fx 6fla,l (fup(Fa)), the equality holds if f,, is injective.
4 fup (fu’pl(GS))aGS, the equality holds if f,, is surjective.
(5) fup(UicsFa;) = Uics fup(Fa,)-
(6) ﬁ,p(ﬁingAl.)Eﬁigﬁ,p (F4,), the equality holds if f,, is injective.
(1) fup (UicsGs;) = Uics £ (Gs, )
(8) f[pl (NiesGs,) = ﬁielf[pl (Gs,).
) (fup (G9))* = £ (G§)-

(10) f,.)(Gg) = Fy.

(1) f,,)(Gg) = Fo.

(12) fup(Fz GGI?, the equality holds if f,, is surjective.

(13) fup(Fz) = Go.

Proof. We only prove (3),(5),(7),(9),(10) and (11). The others can be proved similarly.

(3) Put Gs = fup(Fa) and Fp = fu_p1 (Gs). Since A < p~!(p(A)) = p~(S) = B, it is sufficient to show fa(e) < fz(e) for
allec E and x € X

fa(e)(x) = gs(p(e))(u(x))
= v N _fa(e))(x)

xeu=(u(x)) eep=1(p(e))NlimsuppA

> fa(e)(x)

This completes the proof.

(5) Put Gs; = fup(Fa,) and Gs = fu(Uics (F,))- Then S = p(VA;) = Vp(A;) = VS; and forall k € K and y € Y,
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Vo ( Vv (V fa(€) () s if u' (v) # @, p~! (k) NlimsuppA # @
ga(k)(y) = { ') eep (R)limsuppA 1</
0 ; otherwise
v ( Vv (V (fa () (%)) sifu='(y) # @, p~' (k) NlimsuppA # @
— { xeu™(y) eep=! (k)NlimsuppA €/
0 ; otherwise
V( Vo % (fa,(e)) () 1if u' (v) # @, p~ ' (k) NlimsuppA # @
— { i€ xeu 1(y) ecp=!(k)NlimsuppA
0 ; otherwise
Vo Vo (fa(@) ) ifut(v) # 2, p (k) NlimsuppA # @
=V xeu=1(y) ecp~ 1 (k)NlimsuppA
icl .
0 ; otherwise

= (Viesgs; (k))(y)

This completes the proof.
(7) Put Fy, = fl;,l (Gs;) and Fy = fu_P1 (UiesGs,). Then A = p~1(vS;) = Vp~1(S;) = VA, and for all ¢ € E and x € X,

Fale)(x) = g, (ple)) (u(x)
= v (85(p(e)) ()

= V(o))

This completes the proof.
(9) Put f, }(Gs) = Fp and f,,!(G§) = Fp. Then foralle € E and x € X,

T8(e)(x) = f1(50) () (x) = fip1(5))c (€) (x) = fac(e)(x)

where p~!(S) and p~!(S¢) are fuzzy sets in E. This shows that the approximate functions of Fz and F{ are equal. This

completes the proof.
(10) Put Fy = f@l (Gg). Then foralle € E and x € X, fa(e)(x) = gg(p(e))(u(x))) = 1. This shows that F4 = Fj.

(11) Since p~!(K) is fuzzy empty set i.e. 0, the proof is clear.

4 FPFS topological spaces

Definition 13. A FPFS topological space is a pair (X, T) where X is a nonempty set and 7 is a family of FPFS sets over
X satisfying the following properties:

(T1) Fyp,Fz €.

(T2) IfFy, Fg € T, then FysNFp € 7.

(T3) IfFA,- e, VieJ, then GiGJFA,' €T

Then T is called a FPFS topology on X. Every member of T is called FPFS open in (X, 7). Fp is called FPFS closed in
X,7)ifF§ et
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Example 1. The families Tjugiscrere = {Fo, Fg} and Tyiserere = FPFS(X, E) are FPES topology on X.

Example 2. Assume that X = {x},x2,x3,x4} is a universal set and E = {e},e3,e3} is a set of parameters. If

Fay = {((e1)o2: {(x1)03, (x3)0,5}), ((€2)03, { (x1)0,7, (x4)0,6}), ((e3)0.4: {(x2)0.2})},

Fa, = {((e1)o2,{(x1)03; (*2)0.7, (x3)0,6 }); ((€2)0,5,{(x1)0.7, (x4)0,6} ), ((€3)0.45{ (x1)0,8; (x2)05}) }
Fay = {((e1)o7:{(x1)1,(x3)0,5}): ((€2)03, 1x), ((€3)0.9,{ (*2)0.2; (x3)09}) }5

Fy, = {((e1)o7, {(x1)1, (x2)0.7: (x3)0,6} )5 ((€2)0.55 1x ), ((€3)0.9: { (*1)0.8, (*2)0.5, (x3)0.90}) }5

then T = {Fy, Fa,, Fa,, Fa,, Fa,, F} is a FPFS topology on X.
Theorem 2. Let (X, T) be a FPFS topological space and T’ be family of all FPFS closed sets. Then;

(1) Fp,Fz e,
) If Fy, Fp € 7', then FAOFB S "L'/,
(3) IfFx, € T, Vi € J, then NicjFy, € T

Proof. Straightforward.

Definition 14. Let (X, T) be a FPFS topological space and Fy € FPFS(X ,E). The FPFS closure of Fy in (X,7), denoted
by Fy, is the intersection of all FPFS closed supersets of Fj.

Clearly, F is the smallest FPFS closed set over X which contains Fy.
Theorem 3. Let (X, T) be a FPFS topological space and Fy, Fg € FPFS(X,E). Then,

(1) Fy =Fy4 andfg =F;.

(2) FyCFy.

(3) Fx=Fx.

(4) If FsCFg, then FyCFg.

(5) Fyis a FPFS closed set if and only if Fy = Fy.
(6) Fy\UFg = F,UFp.

Proof. The statements (1),(2),(3) and (4) are obvious from the definition of FPFS closure.

(5) Let F, be a FPFS closed set. Since Fj is the smallest FPFS closed set which contains Fy, then F4 CFy. Therefore, we
have Fy = Fj.

(6) Since FA GFAGFB and FB 6FADFB by (4), EGFAGFB 5 EGFAOFB and hence EGE&FAGFB

Conversely, since Fy, Fg are FPFS closed sets, F4UFg is a FPFS closed set. Again since FyUFzCF,UFg by (4),
FyUFgCFyUFp.

Definition 15. Let (X, 1) be a FPFS topological space. A FPFS set Fy in FPFS(X,E) is called FPFS-Q-neighborhood
(briefly, FPFS-Q-nbd) of a FPFS set Fp if there exists a FPFS open set F¢ in T such that FgqFc and FCEFA.
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Theorem 4. Let efa, F)y € FPFS(X,E). Then ef €F} if and only if each FPFS-Q-nbd of ega is FPFS quasi-coincident

o
with Fy.

Proof. Let efa EF4. Suppose that F¢ is a FPFS-Q-nbd of efa and FcqFy. Then there exists a FPFS open set Fp such that
efangti. Since FcgFy, by Proposition 4(1), FAti"éFg . Again since efaqFB, efa does not belong to F. This is a
contradiction with E§F§ )

Conversely, let each Q-nbd of efa be FPFS quasi-coincident with Fj. Suppose that efa does not belong to Fy. Then there

exists a FPFS closed set Fp which is containing Fy such that efa does not belong to Fg. By Proposition 4(5), we have

ef gFg. Then Fy is a FPFS-Q-nbd of efa and by Proposition 4(1), F4gFg. This is a contradiction with the hypothesis.

a

Definition 16. Let (X, T) be a FPFS topological space and Fy € FPFS(X,E). The FPFS interior of Fy, denoted by Fy, is
the union of all FPFS open subsets of Fy. Clearly, F) is the largest FPSFS open set contained in Fy.

Theorem 5. Let (X, T) be a FPFS topological space and Fy, Fg € FPFS(X,E). Then,

(1) (Fp)° = Fy and (F3)° = Fj.

(2) F{CFy.

(3) (F7)° =F}.

(4) If FACFp, then F{CFj.

(5) Fyis a FPFS open set if and only if Fy = F} .
(6) (FaNFg)° = FyNF3.

Proof. Similar to that of Theorem 3.
Theorem 6. Let (X, T) be a FPFS topological space and Fy € FPFS(X ,E). Then,

(1) (F7)" =Ff.
©2) (Fa) = (F5)°.

Proof. We only prove (1). The other is similar.

(FX)C = (O{FB ‘FB €1, F;,CFp })‘
=N{F§ |Fp € 7, FACFp }
=N{F§ |F§ €7, F§CF{ }
= FAC
Definition 17. Let (X, 1) be a FPFS topological space. A subcollection 9 of T is called a base for T if every member of T

can be expressed as a union of members of B.

Example 3. If we consider the FPFS topology 7 in Example 2, then one easily see that the family
B ={Fz,Fa,,Fa,,Fpy,Fz} is a basis for 7.

Proposition 6. Let (X, T) be a FPFS topological space and A is subfamily of T. A is a base for T if and only if for each
eEa in FPFS(X,E) and for each FPFS open Q-nbd Fj ofeffa, there exists a Fg € % such that efa ngiFA.

Proof. Let 2 be a base for T, eﬁx E€FPFS(X,E) and Fy be a FPFS open Q-nbd of efa. Then there exists a subfamily %’
of % such that Fy = U{Fp|Fz € %'}. Suppose that efaqFB for all Fg € #’. Then B+ ug(e) <1 and o+ fp(e)(x) < 1
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for every Fg € %'. But this is contradiction with 4 (e) = sup{ug(e)| Fg € £’} and fa(e)(x) = sup{fz(e)(x)|Fp € #'}.

Conversely, If 4 is not a base for 7, then there exists a F4 € 7 such that Fr = O{FB EA: FBEFA} %+ F4. Since F¢ # Fy,

there exists e € E and x € X such that tc(e) < pa(e) or fe(e)(x) < fa(e)(x). Put B =1—puc(e) or o = 1— fe(e)(x).
B

Then in both case, we obtain that ey, qFy and efaﬁFc. Therefore, we have eanFB for all Fg € 98 which contained in Fj.

This is a contradiction.

Definition 18. Let (X, 1) and (Y, T2) be two FPFS topological spaces. A FPFS mapping f,, 1 (X,71) — (Y, %) is called
FPFS continuous iff,;p1 (Gs) € 11, for all Gs € 1.

Example 4. Let X = {x1,x2,x3}, Y = {y1,y2,y3}, E = {e1,e2}, K = {ki,kz} and 7| = {F,Fz,Fa}, & = {6K,TK,GS}
be FPFS topologies on X and Y respectively, where Fx = {((e1)03,{(x2)0.3,(x3)05}), ((€2)02,{(x1)07, (x2)04})}, Gs =

{((k)o2, {(r1)oa, (¥2)07}) +((k2)o3,{(¥1)03,(¥3)o5})}. Define u: X — ¥ and p: E — K as u(xi) = ya, u(x2) = y1,
u(x3) =y3 and p(e1) = kz, p(e2) = k1. Then the FPFS mapping f,, : (X, 71) = (¥, 72) is FPFS continuous.

Note that the constant mapping f;,, : (X, 1) — (¥, 72) is not continuous in general. As the following example shows.

Example 5. Let X = {x;,x2,x3}, Y = {y1,2}, E = {e1,e2}, K = {k1,kp} and 1) = {F@’FE}’ T = {Fg,FI},Gg} be
topologies on X and Y respectively, where Gs = {((k1)o.2,{(y1)0.4, (72)1}), ((k2)o,5,{(32)0,7: (¥3)04})}. Defineu: X —Y
and p: E — K as u(x;) = u(x2) = u(x3) =y, and p(e;) = p(e2) = k1. Then the FPFS mapping f,, : (X,71) = (¥, 72) is

a constant FPFS mapping and is not continuous.
Let o € [0,1]. A constant fuzzy set on E taking value a will be denoted by a.

Definition 19. Let Fy € FPFS(X,E). Fy is called aff — A-universal FPFS set if s (e) = a and fa(e) = PBx foralle € A,
denoted by F—

afy’

Definition 20. (see [5]) A FPFS topology is called enriched if it satisfies F&B €t forall a € (0,1] and B € (0,1].
A

Theorem 7. Let (X,7|) be a enriched FPFS topological space, (Y,T)) be a FPFS topological space and
fup : FPFS(X,E) — FPFS(Y,K) be a constant FPFS mapping. Then f,, is FPFS continuous.

Proof. Letu:X — Y, p: E — K be constant mapping defined as u(x) = yo, p(e) =k, and G € 1,. Put f,;pl (Gs) = F4. Then
A =p1(S) = ag where a = pg(k) and fa(e)(x) = gs(p(e))(u(x)) = gs(ko)(yo) = B for all e € E. Hence Fy = F‘;BE €T
and so f,, : (X, 71) — (Y, 72) is FPES continuous.

Theorem 8. Let (X,71) and (Y,72) be two FPFS topological spaces and f,, : FPFS(X,E) — FPFS(Y,K) be a FPFS

mapping. Then the following are equivalent:

(1) fup is FPFS continuous,
2) fl;,l (Gs) is FPFS closed for every FPFS closed set Gg overY,
(3) fup(FA)C fup(Fa), VFy € FPFS(X,E),

@) fup' (Gs)Cfi' (Gs). VGs € FPFS(Y,K),
(5) fup (GS)C (£, (Gs))°, VGs € FPFS(Y,K).

Proof. (1) =(2) It is obvious from Theorem 1 (9).
(2) =(3) Let Fy € FPFS(X,E). Since FAC [, (fup(Fa)), FACf,, (fup(Fa)) € 7{. Therefore we have FyC f,.! (fup(Fa))-
By Theorem 1 (4), we get f,,(Fa)C fup(fL;} (fup(Fa))C fup(Fa).
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(3) =(4) Let Gs € FPFS(Y,K). If we choose f,(Gs) instead of Fy in (3), then f.,(fi' (Gs))C fup(fip' (Gs))CGs.
Hence by Theorem 1(3), fi,' (Gs)C f) (fup(fir' (Gs))) Cfop) (Gs).

(4) <(5) These follow from Theorem 1 (9) and Theorem 6.

(5) =(1) Let Gs € 7. Since Gs is a FPFS open set by (5) f,,'(Gs) = £, (G$)Cf,,' (Gs). Consequently, f,.'(Gs) is a

FPFS open and so f,,, is FPFS continuous.

Theorem 9. Let f,, : (X,71) = (Y, 72) be a FPFS mapping and 98 be a base for ©. Then f,, is FPFS continuous if and
only if f,,) (Gs) € 1, for all Gs € B.

Proof. Straightforward.

Definition 21. A family € of FPFS sets is a cover of a FPFS set Fy if FACU {Fy, : Fp, € €,i € J}. It is a FPFS open cover
if each member of € is a FPFS open set. A subcover of € is a subfamily of € which is also a cover.

Definition 22. A FPFS topological space (X, ) is FPFS-compact if each FPFS open cover of F has a finite subcover.,

Example 6. Let X = {xl,xz,...}, E = {6‘1,6‘2,...} and FAn = {((@1)1,{()€1)1}),((62)%,{()€1)1,()Cz)%}),...,
((e,,)l,{(xl)l,(xz)%,...,(x,,)l}) :n=1,2,..}. Then 7= {Fy, : n=1,2,...} U{Fg,Fz} is a FPFS topology on X and
(X, ) is FPFS-compact.

Definition 23. A family € of FPFS sets has the finite intersection property if the intersection of the members of each finite
subfamily of € is not empty FPFS set.

Theorem 10. A FPFS topological space is FPFS compact if and only if each family of FPFS closed sets with the finite

intersection property has a non empty FPFS intersection.

Proof. If € is a family of FPFS sets in a FPFS topological space (X, 7), then ¢’ is a cover of Fj if and only if one of the

following conditions holds:

(1) U{Fy, : Fo,€%,i€J}=F;.
@) (O{Fs, 1 Fa, €€,i €J})° = FS = Fp.
®) A{F;, By €% iel} =Fs.

Hence this shows that FPFS topological space is FPFS compact if and only if each family of FPES open sets over X such
that no finite subfamily covers Ff, fails to be a cover, and this is true if and only if each family of FPFS closed sets which

has the finite intersection property has a nonempty FPFES intersection.

Theorem 11. Let (X,71) and (Y,72) be FPFS topological spaces and f,, : FPFS(X,E) — FPFS(Y,K) be a FPFS
mapping. If (X, 1) is FPFS compact and f,, is FPFS continuous surjection, then (Y, 7,) is FPFS compact.

Proof. Let ¢ = {Gs, : i € J} be a cover of G by FPFS open sets. Then since f,, is FPFS continuous, { fu_l,,1 (Gs,:Gs, €6}
is a cover of F; by FPFS open sets. Again since (X, ;) FPFS compact, there exist a finite subset Jo of J such that
{f,p (Gs, : i € Jo} covers Fi. Then we have f,,,(U{f,, (Gs,) : i € Jo} = fup(F) and so U{Gy;, : i € Jo} = G. This shows
that (Y, ;) is FPFS compact.
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