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Abstract: In this study, using the characteristic values Lﬁ} = “] , { (1)} , [ﬂ , {8] (mod?2) a theorem on the % coefficients of

periods of first order theta function according to the (1, ) period pair ( for r € N1 ) is established . The following equalities are also

obtained.
6{”(u+%{i},rzie[(ﬂ(u+i{i},r)

O{ﬂ(u—i-%{i},r):e{g}(u+£{}},r).
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1 Introduction
Let I' = SL,(Z), we define Iy (or I'(N)) for each positive integer N to be subgroup of the modular group I" consisting

b
of those matrices satisfying the condition la 4 = I(modN)
c

1 0
For unit matrix 1 = [0 1] in other words, a =d = 1(modN) and ¢ = b = 0(modN) [2].

We first define a theta characteristic to be a two by one matrix of integers, written . Next, given a complex number

8/

u, and another complex number 7(Im7) > 0,3, to denote the upper half-plane). Z for the set of rational integers and I"(1)
for the group. Let N > 1 be an integer and put

Let be

o)) (0] = ()
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Iy(2), Iy (2) and Ly (2) are defined by

Iy2)={SeI'(1): S=Ior S=U(Mod2)}
y(2)={Ser(1): S=lor S=V(Mod2)}
y(2)={Ser(1): S=lor S=W(Mod2)}

were [ is the unit matrix. The three subgroups I, (2), I (2) and Iy (2) are conjugate. The subgroup 8 of I'(1) is generated

by U and V. For an odd positive integer n, the set of elements in 6 of the from

(5 0)

is a subgroup of which will be denoted 6(n) [3].

€
Definition 1. For u € C, T € 3 and characteristic value l ,] , the function defined as
€

l:/} (u,7) = i exp{(n+§)27rir—|—27ti(n+;)(u—&-g)} (1)

n=-—oo

is called first order theta function [1].

Definition 2. A half-period is half of a period ( in particular a complex vector), written
u 2 u 2 2
A reduced half-period is half period in which L and 1’ equal 0 or 1 where |1 and |’ are integers [1].

In the present paper, whenever the integers tt and ¢’ will be as £ = 1 and u’ = 1, unless otherwise stated. In this study,

[ B e

values of characteristic are used. When the periodicity of the function 6 [

€ . .. .
/] (u,7) for (1,7) period pair is examined.
€

exp{(n+ %)27ri‘c+27£i(n+ S)u+1+ %)}

exp{ (n+ £)2mit+ 2mi(n+ £)(u+ &) +n2mi+ m’s}

o)
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also
€ ke ’
L/ (u+t,7)= Y exp{(n+§)27tir+27ri(n+%)(u—s—r—k%)}
N=—o0
= E exp{(n+§)27rif+27ri(n+%)(u+%)+n27rir+7rirs}
oo
/ €
= (—1)¢ exp(—mit — 27iu)0 L/ (u,7).
and

£
P

(u+t+1,7) :n:;mexp{(n+§)27tir+27ri(n+§)(u+f—|— 1+ %I)}

o

_ exp{(n+ Vit +2mi(n+ &) (u+ 5) +n2m‘r+m‘re}

Nn=—o0

= (—1)%exp(—mit — 27iu — wie') O L‘j (u,7).

By using 11 = (—1)&,12 = (—1)€ exp(—7it — 27iu) and N3 = (—1)€ exp(—7iT — 27iu — mie') we obtain

€
e

€
As it is seen here, for 13 = 1, because 6 [ /] (u,7) is doubly periodic, it would be an elliptic function.
€

€
o/ ¢
€

(U+7T+1,7)=15.0 [:] (u,7).

Theorem 1.

2

1z 1 o1 _ £+ 5
(u+?+— 7) :exp{—m(’c—&—Z)m—2r(2u—|—€')n’z}.0 [8’+2 11 ] (u,T)

where r € N*.

Proof.

(u+5+2%.7)= ¥ exp{(n+%)znir+27ri(n+§)(u+%—&-%4—4—%’)}
" @)
=Y exp{(n+§)2mr+2m(n+%)(u+%)+"””+ 2 +”’2i+”2’—8}

or—1 or—1
n=—oo

€
9 !/
€
On the other hand, the reduced representative of an arbitrary characteristic

i

to be that reduced characteristic whose entries are the least nonnegative residues (mod2) of € and €’

. 0 0 1 1 1
There are four reduced characteristics lol , L] , [O] , [1] .But 6 L] (0,7)=0.
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n=—oo

8—"_% it . . / nimi U 1 1 nmi 1 1 12
6|, 2 "l(uw,t)= ¥ exp (n—&-%)zmr—i—Zm(n—i—%)(u—i—%)—i— it 4 2 +2”8 +7”€+ Ty I Zni mie
+ 5 2

exp{—l(T+2)7ri—2]r(2u+s’)7ri}6 (u,7)

4r

)

2
=Y exp{(n—&-;) it +2mi(n+

n=-—oco

e nmit  wite nmwi m’s}

7)—"_ 2r71 + or +2r71 +7

Dt

2

3

By the theorem given above we can obtain the following characteristic equalities for # = 0 value of the complex variable

(a)

1+ 5

L1 0,7)
5T

1
6[
1
1 1.2 1 1., 1 1. mit @m mw

= Zexp{(n+2+2)ﬂzr+2nz(n+2 2r)(0—|—2 2r) 4r+2r1+2r}

1 1 A O
(0+2 +2r, ) exp{4r(17+2)ﬂ.'12rﬂ'l}9

oo

n=—oo

oo

=) ex (n+1)2m S A L ¥ @)
_nz_m p 2 or—1 or or—1 " or 2

1
?]
K
TiT i

¥ epd st L mirvomins 2+ Lo+ L L
e TP 2 2 T/ ) T T

and

1 1 .
(O—|—2r —|—2r7 )—exp{—m(‘H—Z)m}.O

1

1 =+ or—1
1

or—1

(0,7)

=

¥ e +1)2ﬂ1+n7rir+m'1+ niwi +m+m+ i 5
n - 1 —_ S - - niwi ».
P 2 or 1 or 2r71 or 2

n—=—oo

From the equations (4) and (5), we can get the following equality

1+

2r r—1
1
2r—1

1 1 1 L+ 5
exp{m(r+2)m2rm}6 (O,T)—exp{4r(’6+2)7ri}6 0+21 (0,7).

0
6|;
0

L
L

(b)

1

1 :
0+ = +2r,) exp{4r(’c+2)m}.6

0+ 5y

(0,7)

or—1

or 4r 2r71

nwitT  nAmi
e+ 2 +2”} ©)

n=

€
€

2r
1.2 ) TiT Wi
Xp ('H'E) Tt +2mi(n+ )(O—|— ) +
Xp{

n=
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and
0 1 1 mi 0+ 5
9[1 0+ = +2f’ T)= exp{—4r(r—|—2)m—2r} ] 1+i (0,7)
or—1
= 1 1 1 1 TiT i i
:”Zmexp{(n—l—z ) 7T11+27'Cl(n+ )(0+2+2r)—4r—2r_1—2r}
= nmi
= exp{n mr+—+ +r} (7)
n;m 2r 2r-1
If n = 2k € Z, then from the equalities (6) and (7) the following is obtained
0+ 2r 5r—1 0+ zr%]

or 1 (Ov T)

T

1 1
exps ——(t+2)mi— —mi ;0
Py~ T

(0,7) = exp{l(rJrZ)m'} 0

With the help of this theorem proved, transformations among theta functions can be found for characteristic value

£
[ /] according to all multiples % of the periods. The subject that should be discussed here is; characteristic values
€

L B g

of first order theta function can be expressed as characteristic values

This situation has proved that theta functions are generalized as characteristic values

With the help of this alternative formula above, we can get the following equalities according to quarter-periods. If

[E] = [11 (mod2) then
g 1
2
0 “] (ZH_éll{i}’T) :;exp{(n—i—;) niT+2ni(n+;)(u+i{i}+;}

zit 1.2 nwi nwiT @ WIT T
3 TitT+ (2 1)x — —+ —
; exp{ +2) iT+ (2n+ 1) miu+ > + > + 7 + 4}

®)

ju—

jary
—
™ o™
-

Il
—
O =
|

—

3

S

QU

\$)

~—

=

=

(€}

=

=e T;exp{(n+ %)2ﬂif+(2n+ V) iu+ 2 + 22T 4 TT 4

&3

(© 2016 BISKA Bilisim Technology



(_/
102 BISKA L. Yildiz, N. Zorlu and N. Turan: Relations characteristic of theta functions according to quarter...

Using the equations (8) and (9) we can get

1
1 Tt . . . .
(utyg { | } T e Z(*l)”exp{(nJr D mit+ (24 1) i+ 1 4 05T A %}

| { 1 }71_) e‘”T”%exp{(nwL%)2ﬂi‘c+(2n+1)ﬂ:iu+”7m+”’;iTJr”T”Jr%}

(1) If nis O or even integer then,

! . . 1
(u-l-i{1},T)—)r_;exp{n2mr+2nm(u+i{1}_4_%} o

;(—] )" exp {n277:ir—|—2n7riu + "Tm + ngir }

1 . . 1
(u+}‘{1},T)—)n:exp{nsz+2nm(u+3‘{1}} an

= Y exp {n*mit + 2nmiu + "5 4 "Z°
n

From the equations (10) and (11) we obtain

0
6|;
1
0
6|;
0

(iii)) If nis O or even integer then

1
1 S
(”+4{1}77) Y (—1)"exp {n* it + 2nmiu + " 4 "ZT

_n

{1} ) B gexp{n%ir(znmw%’mr%

Ut
(49

(iv) If nis odd integer then
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2 Conclusion

A general relation has been obtained by using (1,r) periodic couples of first order theta functions according to the
multiples of 1/2" of these couples for r € N. Furthermore an example has been given by using these relation for r = 2

according to the multiples of 1/4.
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