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Abstract: The concept of fuzzy soft function is mentioned by Aygiinoglu ef al and Kharal et al in their papers (named Introduction
to Fuzzy Soft Groups (2009)and Mappings on Fuzzy Soft Classes (2009), respectively). In this paper, some results on the fuzzy soft
image and preimage of set theoretic operations of fuzzy soft sets under a fuzzy soft function are studied. Also the notion of fuzzy soft
equality is introduced and some related results are given.

Keywords: Soft Set, Fuzzy Soft Set, Fuzzy Soft Functions, Fuzzy Soft Image and Preimage

1 Introduction

Fuzzy set theory was firstly proposed by researcher L.A. Zadeh [1] and has become a very important tool to solve

problems which contains vagueness. It has been studied by both mathematicians and computer scientists over the years.

Soft set theory, which is a completely new approach for modeling uncertainty, was introduced by Molodtsov [2] in 1999.
He established the fundamental results of this theory. Maji et al [3], Pei et al [4], Feng et al [S], Chen et al [6] Aktas et al
[7] improved the work of Molodtsov [2].

Both fuzzy set theory and soft set theory deal with the problems which contain vagueness and uncertainties, from the
different areas of social life, and the concept of fuzzy soft sets was introduced as a fuzzy generalization of soft sets in
2001 by Maji et al [8]. Basic properties of fuzzy soft sets were given in this paper and many scientists such as [9,10,11]

improved the works on fuzzy soft sets.

In this paper, some properties of fuzzy soft functions which is mentioned in [9,12] are discussed in detail and we

proposed some new properties on image and preimage of certain fuzzy soft sets under a fuzzy soft function.

2 Preliminaries

Let U be an initial universe, E be the set of all possible parameters which are properties of the objects in U, and & (U)

be the set of all subsets of U.

Definition 1. [13] A fuzzy set A in U is defined by a membership function Us : U — [0, 1] whose membership value L4 (x)
specifies the degree to which x € U belongs to the fuzzy set A, forx € U.
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The symbols \/, xq and A, xq will stand for the supremum and the infimum of x4’ s, respectively.

The family of all fuzzy sets in U will denote by .% (U). If A,B € % (U) then some basic fuzzy set operations are given

componentwise proposed by Zadeh [1] as follows:

1)ACB < pa(x) <up(x),forallxeU.
2)A=B < pa(x) = pup(x), forallx e U.
3)C=AUB < pc(x) = ua(x) vV ug(x), forallx € U.
4)D=ANB < up(x) = pa(x) Aug(x), forallx e U.
SYE=A°< up(x) =1—pu(x), forallx € U.

Definition 2. [2] Let A be a subset of E. A pair (F,A) is called a soft set over U where F : A — P (U) is a set-valued

function.

As mentioned in [3], a soft set (F,A) can be viewed (F,A) = {a = F(a) | a € A} where the symbol “a = F(a)” indicates
that the approximation for a € A is F(a).

Definition 3. [4] For two soft sets (F,A) and (G, B) over a common universe U, we say that (F,A) is a soft subset of (G,B)
and is denoted by (F,A)C(G,B) if

(i)A C B and,

(ii)Va € A, F(a) C G(a).

Definition 4. [4] Two soft sets (F,A) and (G,B) over a common universe U are said soft equal if (F,A) is a soft subset of
(G,B), and (G, B) is a soft subset of (F,A).

Definition 5. [14] Let (F,A) and (G,B) be two soft sets over the common universe U such that ANB # @. The soft
difference of (F,A) and (G,B) is denoted by (F,A)=(G,B), and is defined as (F,A)=(G,B) = (H,C), where C=ANB
and for all c € C, H(c) = F(c) — G(c), the difference of the sets F(c) and G(c).

Definition 6. [4] The complementof a soft set (F,A) is denoted by (F,A)¢ and is defined by (F,A)¢ = (F¢,A), where
F¢:A— P(U) is a mapping given by F¢(a) =U — F(a) for all a € A.

For the arithmetics in the fuzzy set theory see [15] and for the more set theoretic results in the soft set theory see [2,4, 3,
5,11]. The set of all fuzzy sets in U will indicate by .# (U).

Definition 7. [9] Let A C E and % (U) be the set of all fuzzy sets in U. Then a pair (f,A) is called a fuzzy soft set (fss)
over U, where f: A — F(U) is a function.

From the definition, it is clear that f(a) is a fuzzy set in U, for each a € A, and we will denote the membership function

of f(a) by fa: U —[0,1].

Similar to viewing a soft set, a fuzzy soft set (f,A) can be viewed (f,A) = {a = {uy,) | u €U} | a € A} where the
symbol “a = {uy,,) | u € U}” indicates that the membership degree of the element u € U is f,(u) where f, : U — [0,1]
is the membership function of the fuzzy set f(a) [11].

The family of all fuzzy soft sets over the initial universe U via parameters in E will denote by .% . (U;E)
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Example 1. Let U = {a,b,c} be universe, E = {1,2,3} be parameter set and A = {1,3} C E. From Definition 2,
(F,A) = {1 ={a,b}, 3 ={b,c}} is a soft set over U. From Definition 7, (f,A) = {1 = {aos,b02},3 = {boa,c1}} is a

fuzzy soft set over U.

Definition 8. [9] Let A, B C E and (f,A), (g, B) be two fuzzy soft set over a common universe U. We say that (f,A) is fuzzy
soft subset of (g,B) and write (f,A)C(g,B) if and only if

(i)A CB,
(ii) for each a € A, f,(x) < gq(x),Vx e U.

Definition 9. [9] Let A,B C E. We say that the fuzzy soft sets (f,A) and (g,B) are equal if and only if (f,A)C(g,B) and
(8.B)C(f.A).

Definition 10. Lez (f,A) and (g, B) be two fuzzy soft sets over the common universe U such that ANB # @. The fuzzy soft
difference of (f,A) and (g,B) is denoted by (f,A)=(g,B), and is defined as (f,A)=(g,B) = (h,C), where C =ANB and
forallc € C, he(x) = fo(x) A(1 —ge(x)),Vx € U.

Definition 11. [9] The complement of a fuzzy soft set (f,A) is the fuzzy soft set (f¢,A), which is denoted by (f,A)¢ and
where f€: A — F(U) is a fuzzy set-valued function i.e., for each a € A, f°(a) is a fuzzy set in U, whose membership
Sunction f$(x) =1 — fu(x) for all x € U. Here f{ is the membership function of f¢(a).

Definition 12. [8] Let (f,A) and (g,B) be two fuzzy soft sets over the common universe U. (f,A) AND (g,B), that is
a fuzzy soft set over U, is denoted by (f,A) A (g,B), and is defined by (f,A) A (g,B) = (h,A x B), whose membership
function h, ) (x) = fa(x) A gp(x) for all (a,b) € Ax B and forallx € U.

Definition 13. [8] Let (f,A) and (g, B) be two fuzzy soft sets over the common universe U. (f,A) OR (g,B), that is a fuzzy
soft set over U, is denoted by (f,A)V (g,B), and is defined by (f,A)V (g,B) = (h,A x B), whose membership function
h(ap)(x) = fa(x) V gp(x) for all (a,b) € A X B and for all x € U.

3 Fuzzy soft functions

Now, we can define the fuzzy soft function by giving the image and preimage of a fuzzy soft set as the following;

Definition 14. [9,12] Let Uy, U, be initial universes, E|, E; be parameter sets and ¢ : Uy — U, ¥ : E; — Ej be functions.
Then the pair (@, V) is said to be a fuzzy soft function from F .7 (Uy;E)) to F . (U Er). The image of each (f,A) €
F 7 (Uy;E) under the fuzzy soft function (@, w) will denoted by (¢, ) (f,A) = (@ f, w(A)) and the membership function
of (9 f)(B), for each B € y(A), is defined as,

v alx) | 07! gy (B)NA#D
(@)p(y) =9 xco-1(y) (aewl(ﬁ)mAf()> o #FD,y (B)NA#

0 ,otherwise

for everyy € Ua.

The inverse image of each (g,B) in F . (Ua; Ey) will denoted by (¢, ) ' (g,B) = (¢~ 'g, w~(B)) and the membership
function of (¢~ 'g)(a), for each o € Wy~ (B), is defined as,
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((Pilg)a(x) _ {gw(a)(q)(x)) y(o) €B

. )
0 ,otherwise

foreveryx € Uj.
Example 2. Let followings are given;
Ul = {a7b,C},U2 = {xvyvz}vq) = {(avx)v(bv-x)a (C7Z)} : Ul — U27

Er ={1,2,3,4},E; ={5,6,7,8,9},w = {(1,5),(2,6),(3,9),(4,9)} : E1 — E».

To obtain the image of (f,A) = {1 = {a02,bo.5,c0.1},4 = {ao,bo,c1}} € F.7(U1;Ey) with A = {1,4} C E; under the
fuzzy soft function (@, ), (@, ¥)(f,A) = (¢f, w(A)), we will use these computations:

(P_l(x) - {a7b}v(p_1(y) = ®7(P_1(Z) - {C}

v = {1y O = 2y (M= oy 8) =2,y (9) = (3.4).

Then the membership degrees of all elements in U, under the membership functions (@ f), k € w(A), are as follows;

(0f)sx) =\ ( V fa(t))= V (1@)=fi@) fi(b)

tep~1(x) \acy~1(5)nA te{a,b}

=(0.2)\/(0.5)=0.5,

1ep~1(y) \acy~1(5)na

(0f)s) =V ( V fa(t)> =0,

(0f)sx) =\ ( V fa(t))=\/(fl(t))=f1(6)=0-1,

rep~!(x) \aey~!(5)n4 1e{c}
(¢f)s(x) =0, (@f)s(y) =0, (¢f)6(2) =0,
(¢f)7(x) =0, (@f)2(y) =0, (¢f)7(z) =0,
(¢f)s(x) =0, (@f)s(y) =0, (¢f)s(z) =0,

(@f)o(x)= \/ ( \/ fa(f))z \ (fa(2) = fa(a)\/ fa(b) =0,

acy=1(9)nA re{a,b}

(@f)o(y) =0,

(0f)o(z)=\/ ( V fa(t))=\/(f4(f))=f4(0)=1~

1€ 1(z) \acy1(9)nA 1€}

Hence, we get (¢, ¥)(f,A) = (¢f, ¥(A)) = {5 = {x05,201},9 ={z1 }}.

The fuzzy soft preimage of (g,B) = {5 = {x1,y1,20.1},8 = {x0.7,Y0.1,203},9 = {x0.1,02,208} } € F -7 (Us; E>) with
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B ={5,8,9} C E, under the fuzzy soft function (¢, ¥), (¢, )~ ! = (¢p~'g,y~!(B)), is obtained directly as:

(9 '8)1(a) = gy()(9(a)) = gs(x) = 1,

(9 '9)1(b) = gy(y(9(h)) = gs(x) =1,
(0™"2)1(c) = gy(1)(@(c)) = g5(z) = 0.1,
(97 '8)2(a) = gy(2)(9(a)) = g6(x) =0,
(9~ 'g)2(b) =0,

(9~ "g)2(c) =0,

(¢ "'g)3(a) = gy(3)(9(a)) = go(x) =0.1,
(97'8)3(b) = gy(3)(9(b)) = go(x) = 0.1,
(0 "2)3(c) = gy(3)(@(c)) = go(z) = 0.8,
(@07 g)ala) = gy4)(@(a)) = go(x) = 0.1,
(9 '2)a(b) = gy(a)(9(b)) = go(x) = 0.1,
(97'8)4(c) = gy(a)(9(c)) = g9(z) = 0.8,

where y~!(B) = {1,3,4}.
Therefore, the preimage of (g,B) is ((p_lg, l,l/_l(B)) ={l={ai1,b1,c0.1},3=1{ao1,b0.1,c08},4={ao1,b01,c08}}

In [12], Kharal et al. have folloving results for the image of a fuzzy soft set and for the preimage of a fuzzy soft set:

Theorem 1. [12] Let (@,y) be a fuzzy soft function between F . (U E,) and F.7(UsE,), (f,A) and (g,B) in
F L (Ur;Ey) and {(fr,Ax) | k € K} be a subfamily of % . (Uy;E1). Then;
1) (9.w)(®) =,
2) (9.w)(%) C i,
3) (@.w)[(f,4) U (.B)] = (9, )(va) (¢, ¥)(¢,B),
In general, (@, V’)(UK fkaAk = Uk (9, v)(fi,Ar),
)0

)
4) (¢, w)[(f,4) N (g,B)] C (@, ¥)(f,A4) N (@, ¥)(g,B),
In general (o, v (ﬂK Ji,Ax) ) ﬂK(‘P ) (fe, Ak),
S)If (f,A) C (g,B), then (¢, y)(f,A) C (¢, y)(g,B)-

Theorem 2. [12] Let (@,y) be a fuzzy soft function between .7 (UyE1) and F ./ (Us;Er), (f,A) and (g,B) in
F .S (Ups Er) and {(fi,Ax) | k € K} be a subfamily of F ./ (Ua; Ey). Then;
D (9.9)(®) =,
2) (9. v)"\ (%) = i,
3) (9. v) ' [(£,4) U (2,B)] = (@, ¥)"'(£,4) U (¢, ¥) "' (2, B),
In general, (@, )" (OK(fk,Ak)) = Uk (0. ¥) ! (fr. Ax),
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4) (0, v)'(f,4) N (g,B)] = (¢, )~ (f ) N (¢, v)"'(¢,B),
In gen@ml (0, %) (Nk (firAx)) = 1< v) ! (fir Ak,
5)If (f,A) C (g,B), then (9, y) " (f,A) C (‘P v) ' (g,B).

They also showed in [12] by giving examples that the inequalities (2), (4) and implication (5) in Theorem 1 and the

implication (5) in Theorem 2 can not be reversible in general.

Now some new results on fuzzy soft functions are as follows;

Theorem 3. Let (@, W) be a fuzzy soft function from .7 . (Uy;E) ) to F ./ (Ua; Ep). Then for any (f,A) € 7.7 (Uy;E)),

we have

[0, w)(f,4)]° C (9, w)(f,A)".

Proof. Since [(¢,y)(f,A)]" = (of,w(A)) = ((¢f)", w(A)) and (@, y)(f,A)" = (@, y)(f,A) = (¢, y(A)) we have

for each § € WA that
(@f)p(y) =1-(@f)p(y) =1- [ V ( V fa(X))]
xep~!(y) \acy'(B)n4

and

(0f)p(y) = ( V fé}(X))
o 1(y) \acy~

x€ 1(B)na
= ( Vo (0—falx )))
x€p~1(y) \acy~1(B)nA

[ (o)
xcp~1(y) \acy~1(B)nA

forally € U. Hence (¢f)5(y) < (@f°)g(v). So, the claim is true.

| < <

Following example shows that for (f,A),(g,B) € #.7(U;;E}) neither

[(0,w)(£,4)=(9,¥)(g,B)]C(9,¥) [(f,A)=(g,B)]

nor

(@, v)[(f,A)=(g,B)]Cl(@,¥)(f,A)=(9,¥)(g,B)] .

Example 3. Let U; = {a,b,c,d},Us = {x,y,z} be universes and ¢ : Uy — U, be a function such that

o(a) =x,0(b) =x,0(c) =y,0(d)=y. E; ={1,2,3,4,5}, E; = {6,7,8,9,10, 11} be parameter sets and y : E; — E, be
a function such that y(1) =6,y (2) =6,y (3) = 8,y(4) = 10, y(5) = 10.
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Let
(f,A) ={1={ao,b1,c03,dos},3 ={ao2,bos,c07,do2},5={ai,bo.1,c0.1,dos}}

and

(8,B) ={2=1{aos,b08,c07,do6},4={ao7,bos,c08,do3},5 = {ao.1,b0.7,c06,d03}}

be two fuzzy soft sets in .#.7 (U E ), where A = {1,3,5} and B = {2,4,5} are subsets of E;. Then from Definition 10
and Definition 14 we have the image of the fuzzy soft difference of (f,A) and (g, B) under the fuzzy soft function (¢, y)
as;

((pa W)[(f?A)C((&B)] = {10 = {XO,Q,yOJ,Z()}} = (k (SaY)v {10})a

and we have the fuzzy soft difference of (¢, y)(f,A) and (¢, y)(g,B) as;

(@, v)(f,A)=(0,¥)(g,B) = {6 = {x02,503,20},10 = {x03,Y02,20} }
= (d (say),{6,10}).

Note that, {10} C {6,10} which shows that (¢, y)(f,A)=(¢,y¥)(g,B) is not a subset of (¢,y)[(f,A)=(g,B)] and
dio(x) =0.3 <0.9 = ko (x) which shows that (¢, y)[(f,A)=(g,B)] is not a subset of (@, ¥)(f,A)=(¢,v)(g,B).

Theorem 4. Let (f,A), (g,B) be in .7 (Uy; E1) and (@, W) be a fuzzy soft function from % .7 (U E1) to F.7 (U En). If
v is one to one function and g (x) is constant, for allx € ¢~ (y), y € Uy and for all € = (B)N(ANB), B € w(ANB).
Then

(0. v)[(f,A)=(8,B)] = [(@, ¥)(f, A)=[(,¥)(g,B)] -

Proof. From Definition 10, we have (f,A)=(g,B) = (h,A N B), where, for each d € AN B,

ha(x) = fa(x) A (1 —g4(x)),Vx € U; and from Definition 14, we have (@, y) [(f,A)=(g,B)] = (¢h, y(ANB)) where, for
each B € y(ANB),

=V ( V [fa(x)A(l—ga(X)]>
acy!

(B)N(AnB)

xep~l(y) \acy~!(B)N(ANB)
xep~!(y) \aey=1(B)N(ANB)

[(@,v)(f,A)=(0,¥)(gB)] = (of, w(A))—(9g, ¥(B)) = (k, y(A) Ny (B))

for all y € U,. Similarly,
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where, for each B € y(A) Ny (B) = y(ANB) (since ¥ one to one),

kg(y) = (@f)p () A1 = (92)p()]

xep~l(y) \acy~1(B)N(ANB)
xep~!(y) \aey~1(B)N(ANB)

From hypothesis of theorem, we have for each § € w(ANB), (ph)g(y) = kg(y) forally € U,.

for all y € Us.

Together with, w(ANB) = w(A) N y(B), consequently, we write

(0, v)[(f,A)=(g,B)] = [(¢, ¥)(f,A)]=[(¢,¥)(g,B)]

This completes the proof.

Theorem 5. Let (@, W) be a fuzzy soft function from # .7 (Uy;E1) to F (U Ey) and (f,A), (g,B) € F .7 (Ua; E»). Then

we have

(@, 9) ' (f.A)=(0.v) ' (3,B)] = (@, ¥) ' [(f,A)=(g.B)] .

Proof. From Definition 10 and Definition 14, we have

(@, w)"' (£, A1=[(9.v) "' (8,B)] = (0" ' £, ¥ (A)=(¢"'g, ¥ (B))
= by~ (A)ny~'(B))

where, for each o € w1 (A) Ny~ (B),
ha(x) = (97" )a(®) A [1 = (07'8)a(¥)] = fy(e) (@()) A (1 = gy(a) (9(x))),
for all x € U;. And, we have
(0.v) ' [(f,A)=(s.B)] = (9, ) ' (k.ANB) = (¢ 'k,y ' (ANB))
where, for each d € ANB, kq(y) = f4(y) A (1 —g4(y)), for all y € Us. So, for each & € y~! (AN B) we get
(97 'K)a(x) = ky(a)(P() = fi(a) (@) A (1= gy (9(x))),

for all x € U;. From computations above and the fact that ' (AN B) = y~!(A) Ny~ !(B) for any function on crisp sets,

we have

[(0.v) ' (£:A)=(0.¥) ' (s,B)] = (9, ¥) ' [(f:4)= (8. B)].

(© 2015 BISKA Bilisim Technology
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Definition 15. [12] A fuzzy soft set (f,E) over U is said to be an absolute fuzzy soft set and denoted by 7 if and only if
foreache €€ E, f, = 1, where 1 is the membership function of the absolute fuzzy set over U, which takes value 1 for all x
inU.

Lemma 1. Let U be an initial universe and E be a parameter set. Then for any (f,A) € Z.%(U;E) we have % =(f,A) =
(f>A)".

Proof. From Definition 10, we have, ?r/v??(f,A) = (hANE) = (hA), where each a € A,
ha(x) = 1A (1= fa(x)) =1— fu(x), forallx € U.

From Definition 11 we write @V’J(f,A) =(f,A)".

Corollary 1. Let (¢, y) be a fuzzy soft function from & 7 (Uy;Ey) to F . (Ua; Ey). Then for any (f,A) € F.7 (U Er),
we have

(@, ¥) ™ (£.A) = (@, 9) ' (£,4)°.
Proof. If we take % instead of (f,A) in the Theorem 5. the proof is obvious from Lemma 1.
Theorem 6. Let (@, y) be a fuzzy soft function from F . (U1 Ey) to F .S (Ua; Ez). Then for any (f,A) € F.7 (Ui E),

we have

(f:A) C (0, )" ' [(@, ¥)(£,A)] -
Proof. From Definition 14 we have
(0. %) (0, W) (f,A)] = (@, ¥) " (of, w(A) = (0~ (0f), ¥ ' (W(A))).

It is obvious that A C y~!(y/(A)) and we can compute for each & € y~!(y(A)) that

(@' (0f))a(®) = (@) yw (o) =V Vo )],

mep~(o(x)) \rey~!(y(a)nA

for all x € U;.

Hence from the computation above and the fact that \Vx < \Vx for A C B C [0,1], we can write

N X€EA XEB
(f,A) C (0.9) ' [(@, w)(f.A)].

Example 4. Let U; = {a,b,c}, U, = {x,y,z} be initial universes and ¢ : U; — U, be a function such that ¢(a) = x,
o(b) =x, ¢(c) =z Let E; = {1,2,3,4}, E» = {5,6,7,8} be parameter sets, and y : E; — E; be a function such that
y(1)=5,y(2)=5y(3)=6,y(4)=8.

Let (f,A) = {1 ={a0.2,b03,c1},3 = {ao7,bos,co}} be a fuzzy soft set in .#.(U;;E;), where A = {1,3} C E|. Then,
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after several computation, we have (@, ) ~'[(¢, ¥)(f,A)] = {1 = {ao3,b03,c1},2 = {a03,bo3,c1},3 = {ao7,b07,c0}}
which shows that, the implication in Theorem 6 is not reversible in general and note that if ¢ and y are one to one

functions then the implication will reverse, i.e., (f,A) = (¢, )" '[(@, ¥)(f,A)].

Theorem 7. Let (@, ) be a fuzzy soft function from #.7 (U E)) to F ./ (Ua; Es). Then for any (g,B) € 7. (Uy; Es),

we have
(¢, w)[(¢,v)"'(¢,B)] C (g,B) -

Proof. From Definition 14 we have

(0. W)[(0.v) ' (g.B)] = (@, ¥)(¢ ', v " (B) = (p(¢'g),w(v '(B)))

For each B € w(y~!(B)),

for all y € U,. Hence we can write

(@, v)[(¢.v) '(g,B)] C (g.B)

since y(y~!(B)) C B for all B C E,.

Example 5. Let the situation be as in Example 3, and (g,B) = {5 = {x02,503,21},8 = {x0,Y05,202}} € F . (Up; E2)

where B = {5,8} C E,. Then, we have the image of (g, B) under the fuzzy soft function (¢, y) as;

(@, v)[(@,v) ' (g.b)] = {5 = {x02,y0,21},8 = {x0, 50,202} }

which shows that in general the implication in Theorem 7 is not reversible and note that we have (@, ¥)[(¢,w)"!(g,B)] =

(g,B) when  is surjective.

Definition 16. Let U;,U;,Us and E\,Ey,E3z be universes and parameter sets, respectively, and
(o,v) : FSL(ULE) — F.S (U Er) and (0,6) + F.(UpsEr) — F.7(Uss E3) be fuzzy soft functions. Then the
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composition of fuzzy soft functions (@, y) and (0,¢) is fuzzy soft function from F .7 (Uy;Ey) to F.7 (Us; E3) which is
defined and denoted as
(0,6)c (@, y)=(0o@,coy).

Theorem 8. Let (¢, W) be a fuzzy soft function from % 7 (Uy;E ) to F . (Uy; E2) and (0,6) be a fuzzy soft function from
F S (Up; Ey) to F . (Us; E3). Then for all (f,A) € #.7(Us; E3), we have

[(0,6) 0 (@, w)] 7 (f.4) = (@, ) '[(c,6)" ' (f,4)] .

Proof. We have Definition 14 and 15 that,

[(6,9)0(@.w)] ' (f,4) = (6o, coy) ' (f,A) = ((6o9) ' f.(soy) '(4))
and for each & € (Go y)~1(A),
[(000) " fla(®) = figoy) (@) (50 9) (X)) = fe(y(a) (C(@())),
for all x € Uy Similarly, we have,
(0, %) '[(0,9) " (f:A)] = (9, w) (7 fis7 Q) = (07 (a7 ) w (s (A)))
and, for each & € y~1 (¢~ (A)),
(9" (67 N))a®) = (67" Ny (9()) = fery) (G(9())),

for all x € Uy. Since (gow)~'(A) = y~!(¢~!(A)) for any A C Ej, these computations imply [(5,¢) o (@, w)] "' (f,A) =
(.v) ' [(0,9)7(£.A)].

Theorem 9. Let (¢, ) be a fuzzy soft function from F /(U Ey) to F % (Uy; En) and (f,A) and (g, B) be fuzzy soft sets
over Uy. Then

(0, ¥")((f,A) A (g,B)) = (@, ¥)(f,A) A (@, ¥) (8, B)

where y* : E; X E1 — Ey X E; such that y*(e1,e2) = (y(e1),y(ez)) for all e1,e; € E).

Proof. From Definition 12 and Definition 14, we have

(0, v")((f,A) A (g,B)) = (¢, y¥")(h,A X B) = (ph,y*(A X B)).
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Since y*(A x B) = w(A) x y(B), we obtain (@h, y*(A X B)) = (@h, w(A) x y(B)). Its membership function is

(Oh)(ca)(y) = ( h(ap) (x))
xep~1(y y*) ))NAXB

= fa(x)/\gb(x)>
(p] ' ))NAxB
[ ( v fau)] [v ( v g,,@)]
x€p~1(y) \aey~I(c)nA x€p~1(y) \bey~1(d)nB
=(@f)c() N (9g)a(y)- )

On the other hand, we have
(@, w)(f,A) A (@, v)(8,B) = (0f, W(A)) A(@g, w(B) = (k, y(A) x w(B)).
For all (¢,d) € y(A) x w(B) = y*(A x B) and for all y € U,, the membership function of (k, y(A) x y(B)) is as follows;
kie.ay(¥) = (@f)e() A (98)a(y)- 2
Thus, we obtain (¢, y*)((f,A4) A(g.B)) = (¢, ¥)(f,A) A(@, ¥)(g,B) from 1 and 2.

The proof of following theorem can be obtained with a similar way with Theorem 9.

Theorem 10. Let (@, W) be a fuzzy soft function from F .7 (Uy;Ey) to . (Uy; Ey) and (f,A) and (g,B) be fuzzy soft

sets over U;. Then

(0, ¥")((f,A)V (g,B)) = (¢, ¥)(f,A)V (¢, ¥)(g,B).

Theorem 11. Let (¢, W) be a fuzzy soft function from . .7 (Uy;Ey) to F .S (Us; Ez) and (f,A) and (g,B) be fuzzy soft

sets over Uy. Then

(0. v") ' ((£,A)A(g,B)) = (@, ¥) ' (f,A) A (@, ¥) "' (g,B).

Proof. From Definition 13 and Definition 14, we have

(0.v") (£, A)A(g,B)) = (@, ¥") " (h,AxB) = (9" 'h.(v") (A x B)).

Since (y*)~1(A x B) = y~!(A) x y~!(B), we obtain

(o ' (w") ' (AxB) = (¢~ 'h,y ' (A) x ¥~ !(B)).
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The following computation gives the membership function of the fuzzy set (¢ ~'%)((a,b)), forall (a,b) € (y*) 1 (AxB) =
v~ 1(A) x y~1(B). Forall x € Uy,

(07"'8) () (%) = hy () (9 ()

=h (x))
Agy(n) (9(x))
Ao~ ")y (). 3)

S

o)) (
(p(x))
)

(y(a),
= fy(a)
¢7lf)a(x

=

On the other hand, we have

(0. v) ' (£,A) A (@, w) 1 (8,B)= (¢ ' fLv (A) A9 g, v (B)
= (k,y '(A) x y ' (B)).

For all (a,b) € y~1(A) x y~!(B) = (y*) "' (A x B) and for all x € U; the membership function of a fuzzy set k((a,b));
Kiap)®) = (97 fa) A (9 g)p(x). )

Thus we obtain,

(0. v") (£, A)A(g,B)) = (0, ¥) ' (f.A) A (@, ) (¢,B)

from 3 and 4.

Also similar to above, we obtain following theorem and proof of this theorem is done in a similar manner.

Theorem 12. Let (¢, W) be a fuzzy soft function from F .7 (Uy;E)) to F . (Us; Ey) and (f,A) and (g,B) be fuzzy soft
sets over U,. Then

(@, ¥") " ((£,A)V(g,B) = (@,w) ' (f,A)V(9,¥) ' (g.B).

Definition 17. [9] Let Uy, U, be initial universes, E|, Ey be parameter sets and ¢ : Uy — U,, ¥ : E| — E; be functions.
We called that (@, ) is injective (surjective) if ¢ and Y is injective (surjective respectively).

We will call, (¢, y) is bijective if @ and y are bijective.

Definition 18. Let 1y : U — U and 1g : E — E.The fuzzy soft function
(ly,1g): FZ(UE) —» F S (UE)

is called fuzzy soft identity function and denoted by 1 z o y.).
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Definition 19. Let U, U, be initial universes, E{, E, be parameter sets and ¢ : Uy — U, W : E| — E> be functions. We
called that (0, ¢) is inverse fuzzy soft function of (¢, ) and denoted by (6,¢) = (@, w)~! = (o=, w1), such that

(67G) O((P,l//) = (1U171E1)

and

(p,y)o(0,6) = (1U2’ lEz)'

Remark. The reader can easily note that, if (¢, y) and (0, g) are bijective, then their composition (@, y) o (o,¢) is also

bijective.

Theorem 13. Let (¢, W) be injective fuzzy soft function i.e. ¢ and Y is injective and let (f,A) and (g,B) be fuzzy soft set
over Uy. If((P,l[/)(f,A) = ((Pa W)(&B)’ then (f’A) = (g’B)'

Proof. From Definition 14, we have (¢ f, y(A)) = (¢g, w(B)). So, we obtain ¢ f = @g and y(A) = y(B). Since y is
injective, so we obtain A = B. On the other hand, for all 8 € y(A) = y(B) and for all y € U, we have

(0f)g =\ Vo )

xep~l(y) \aey~1(B)nA

=V Vo gal®) | = (9g)5().

xep~l(y) \acy~1(B)NB

Since A = B, ¢ is injective and, from the above equality, we obtain f = g. Thus, (f,A) = (g, B).

In [16], Qin and Hong defined the concept of soft equality between soft sets. The following definition can be given as a

generalization of definition of soft equality for fuzzy soft sets.

Definition 20. Let (f,A) and (g,B) be two fuzzy soft sets over common universe U. Then,

(i) (f,A) is called null fuzzy soft equal to (g,B), denoted by (f,A) ~=¢s (g,B), if for all e € AUB and for all x € U,
e € ANB implies f,(x) = g.(x), e € A— B implies f,(x) =0, and e € B— A implies g.(x) = 0.

(ii)(f,A) is called whole fuzzy soft equal to (g,B), denoted by (f,A) ~'* (g,B), if for all e € AUB and for all x € U,
e € ANB implies fo(x) = g.(x), e € A— B implies f.(x) =1, and e € B— A implies g.(x) = 1.

Theorem 14. Let (@, W) be a fuzzy soft function from F.7 (Uy;Ey) to . (Uy; Ey) and (f,A) and (g,B) be fuzzy soft
sets over Uy. If (f,A) =y, (g,B) and v is injective, then

Proof. From Definition 14, we have (@, y)(f,A) = (¢f,w(A)) and (@, y)(g,B) = (pg, w(B)). So, if ¢ € y(A)Uy(B) =
Y(AUB), then there is e € AUB such that y(e) = ¢'. Since (f,A) =y, (g,B), if e € ANB, then f,(x) = g.(x) forallx € Uj.
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Therefore, for ¢’ € y(ANB) = y(A)Ny(B) and for all y € Ua,

((Pf)e’(y) = \/ ( \/ fe(x))
ecy~1(/)N(ANB)

xep1(y) %)

= \/ ( \/ 8e (x))
x€@=1(y) \eey~!(¢)N(ANB)

= (0g)e(y)-

Thus we obtain that ¢’ € y(A) Ny (B) implies (@f), (y) = (¢g)e (¥)-

Let ¢’ € y(A) — w(B). Since y(A) — y(B) = y(A — B) we have for all y € U, that

(e =V ( \ fe(x))zo.
(A-B)

xcp~(y) \ecyl(e)N

Similarly, for ¢ € y(B) — y(A) and for all y € U, we have

xep~1(y) \ecy~!()N

(99)00) =V ( \ ge(x)):o.
(B-A)

Consequently, (¢, w)(f,A) ~; (¢, ¥)(g,B).

Theorem 15. Let (¢, w) be a fuzzy soft function from F 7 (Uy;E)) to F (U Ey) and (f,A) and (g,B) be fuzzy soft
sets over Uy. If (f,A) =/ (g, B) and  is injective, then

(. v)(f.4) =" (9,¥)(s,B).

Proof. Similar to proof of Theorem 14.

We obtain following theorems for inverse image of fuzzy soft sets which is fuzzy soft equal under a fuzzy soft function.

Theorem 16. Let (¢, y) be a fuzzy soft function from F . (Uy;E)) to . (Uy; Ey) and (f,A) and (g,B) be fuzzy soft
sets over Up. If (f,A) =y, (8,B), then

(@.9) ' (£,A) =5 (0, ¥) (3, B).
Proof. We have (¢,y) '(f,A) = (¢~ 'f,y"1(A)) and (¢,y) '(g,B) = (¢~ 'g,w ' (B)) by Definition 14. So, if e €
v ' (A)Uy ! (B) = y ' (AUB), then y(e) € AUB. Since (f,A) = (g,B). if W(e) € ANB, then fy () (y) = gy(e) () for
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all y € Uy. Therefore, for e € y~ ' (A)Ny~!(B) = y~'(ANB) and for all x € U},

(@7 )e(®) = fy(e)(9()) = 8y(e) (9(x) = (9 'g)e ().
Thus we obtain e € y~ ! (A) Ny~ (B) implies (¢ f)o(x) = ¢ 1g).(x).
On the other hand, if e € y~!(A) — y~!(B) = y~! (A — B), then we obtain

(@7 e(x) = fye (@) =0
for all x € U;. Similarly, if e € y~!(B) — y~!1(A) = y~!(B—A), then we obtain

(07'8)e(x) = gy(e) (P(x)) =0

for all x € Uj.

Consequently, (@, y) "' (f,A) =, (@, y) ' (g,B).

Theorem 17. Let (¢, V) be a fuzzy soft function from 7.7 (Uy;Ey) to F .S (U, E;) and (f,A) and (g,B) be fuzzy soft
sets over Us. If (f,A) ~/* (g,B), then

(@, %) ' (f.A) ~" (¢,v) '(s,B).

Proof. Similar to proof of Theorem 16.

4 Conclusions

Since both fuzzy set theory and soft set theory deal with the problems including vagueness, uncertainties etc., fuzzy soft
set theory has a huge potential to solve these kinds of problems from each part of real life. So to contribute having a way
to get a solution for these kinds of problems, one can need the concept of fuzzy soft function between two fuzzy soft sets,
since a fuzzy soft function can be thought as a relation between two fuzzy soft sets. In this paper we have studied some
functional properties of fuzzy soft functions for the fuzzy soft sets. We hope that this results will help the researchers to

improve the fuzzy soft set theory.
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